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Abstract: Typhoid fever is a disease caused by the bacteria Salmonella Typhi through the ingestion of contaminated food
or water, and it is still serious in developing countries. The infection routes include both human-to-human transmission and
environment-to-human transmission. It was observed that higher incidence of typhoid fever occur during the rainy season and
people living near water bodies may have a higher rate of typhoid infection. On the other hand, asymptomatically infected
individuals also play a central role in the transmission of typhoid since they are not experiencing any symptoms but they are able
to shed S. Typhi into the environment for years. Thus, a well-described model of the Typhoid transmission should include the
asymptomatical compartment and the factors of spatial homogeneity and seasonality. This motivates us to develop a periodic
two-patch system to investigate the spatial and seasonal effects on the transmission of Typhoid fever, in which the bacteria in
the environment is included, and the population of human is divided into five classes, namely, susceptible individuals, infected
individuals, carrier individuals, individuals under treatment and recovered individuals. We first introduce the basic reproduction
number for the model, then we show that the extinction/persistence of Typhoid can be determined by Rg. Our numerical results
indicate that an outbreak of Typhoid fever in a two-patch environment could be eliminated if migration between patches is
prohibited. Finally, we also numerically observe that the infection risks of Typhoid may be underestimated if seasonal effects are
ignored.

Keywords: Typhoid Fever, Spatial Homogeneity, Seasonal Effects, Basic Reproduction Number, Threshold Dynamics

1. Introduction

Typhoid fever is an infection caused by the bacteria
Salmonella Typhi (S. Typhi), which is usually spread by
ingesting contaminated food/water. According to the World
Health Organization, typhoid is still endemic in several
developing countries. The infection routes of Typhoid include
both direct (i.e.human-to-human) transmission and indirect
(i.e. environment-to-human) transmission, which is associated
with the ingestion of contaminated food/water. It is worth
pointing out that asymptomatically infected individuals also

play an important role in the transmission of typhoid since
they are not experiencing any symptoms but they are able to
shed S. Typhi into the environment for many years, thereby
sustaining transmission [15, 16]. Those observations motivate
the authors in [16] developed a system of ordinary differential
equations to model the spread of typhoid, where the factors
of limited treatment resources on the spread of typhoid was
further included.

Our aim of this paper is to incorporate spatial and temporal
effects into the model proposed in [16]. During the rainy
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season, a large increase of flooding may occur by the rainfall
and the water resources is contaminated by the excreta with
pathogenic bacteria, resulting in a higher incidence of typhoid
fever [12, 13]. It was evident that the supply of clean and
safe drinking water plays an important role in controlling
typhoid infection, and people living near water bodies (e.g.
rivers) may have a higher rate of typhoid infection [4]. Thus,
the effect of spatial homogeneity should be included. To
develop spatially explicit models, there are two common
approaches. The first one is a continuum approach using an
advection-dispersion-reaction system to describe the transport
and interaction of population in a (bounded) habitat. Here we
adopt the second approach, namely, we can divide the habitat
into several areas, and the population gradient between areas
is simply described by the migration of population. To make
mathematical analysis more tractable, we will focus on the
case that the habitat is divided into two areas, which is also

Sy _ A By (1) (I1+mC1)S1  Bp, (t)B1S1

90 — 9,1 — (1 +m +00,)Q1,

e — 1y — (a4 72+ 50,)2

The constant A; represents the recruitment of susceptible
population, and u; represents the natural death rate for
the general population in the environment of patch q.
Susceptible people are infected either through human-to-
human transmission at the rate SCrOLiFTmCOS: through

Si+1;+Ci+Qi+R;
the environmental bacteria from contaminated drinking
Bp,; (t)BiS;

B;+KBp,
so-called typhoid transmission rate for susceptible individuals
and infected/carrier individuals, and 7n; is used to measure
the relative infectiousness of carriers C; compared to infected
individuals ;. We will assume 0 < 7; < 1 when the carriers
C; have less infectious ability than infected individuals I;.
Otherwise, we will assume that n; > 1. The parameter g, (t)
is the per capita contact rate between susceptible individuals
and the contaminated environment, and K, is the saturation
constant. Infected individuals progress to the carrier class
at the rate o;; the naturally recovery rate for infected (resp.
carrier) individuals is denoted by €;, (resp. ec,); the mortality
rate due to disease for infected (resp. carrier) individuals
is denoted by d;, (resp. d¢,); the parameter ay,(t) (resp.
ac, (t)) represents the shedding rate of bacteria by infected

water/food at the rate . The parameter [¢, (t) is the

referred to as “two-patch model”. On the other hand, it is
confirmed that temperature changes have significant impacts
on the enteric diseases [9, 10], and the increase in rainfall and
temperature lead to more typhoid fever cases in the study area
[4]. Thus, it is natural to further explore the seasonal variations
in temperature and rainfall on the transmission of typhoid.
Based on those aforementioned facts, we shall propose and
analyze a time-periodic system in a two-patch environment
which is modified from the one in [16].

The population of human at time ¢ in path ¢ is divided
into five classes: susceptible individuals (S;(t)), infected
individuals (I;(¢) ), carrier individuals (C;(t)), individuals
under treatment (Q;(t) ) and recovered individuals (R;(t)).
Besides, B;(t) stands for the density of bacteria in the
environment in patch ¢ at time ¢. Then the extended version
of the model in [16] takes the following form:

— St +p1 Ry — migzsl + m§152,

at — M S1+11+C1+Q1+R1 B1+Kp,
dr, _ Boy () (I1+mC1)S1 B, (t)B1S1 _ . § I
dt ~ Si+h+Ci+Qi+Ri +  Bi+Kg, (w1 +01+40n +en)ly = 01l = mip i +my I,

% = o111 — (U1 + 6¢, + €c,)C1 — mGC1 +mS, Ca,

dﬁl =mQ1+en 1 +ec,Cr — (u1 + p1)R1 — miL Ry + m& Ry,
By = g1 By + ar, ()11 + ac, (H)Cy — pup, B — mB By + m%, B,

ds. By (H)(I2+12C2)S BB, (¢)B2S:

G =M S o g — Borke, — M2S2 + pala + mipS —m3, S, (1)
t)(Ia+n2C5)S: B t)Bs S

G = Zfi(fz)jrébjz?zi)lé ?;i)xé 2 — (2 + 02+ 01, + €1,)Ia — Oa1y +miy [y —m; I,

% = 09l — (po + ¢, + €, ) Oz + m$GOL — mS, O,

Wy — 9Q2 + €1,12 + €0, Co — (p2 + p2) Re + miS Ry — mE Ry,
dﬁf = goBs + arp, (t)]g + ac, (t)CQ — ,LLBQBQ + mlBgBl — mng,

(resp. carrier) individuals. The recruitment into treatment
class is denoted by 6;1;. The mortality rate due to illness in
patients under treatment is d¢,, and its recovery rate is ;.
The recovered individuals will only be temporarily immune
to typhoid, leading to the individual being susceptible again
at the rate p;. The generation rate of bacteria is expressed in
terms of g;B;, where g; is a constant; the production rates
of bacteria from infected persons and carriers are denoted
by ay,(t) and a¢,(t), respectively. We further assume that
the bacteria in the environment becomes non-infectious at a
rate up,. Here, for w = S,I,C, R, B, m¥, represents the
immigration rate of population w from patch 2 to patch 1,
while m{5 represents the immigration rate of population w
from patch 1 to patch 2. We also point out that the class @,
1 = 1,2, represents the typhoid patients who are detected and
quarantined symptomatic and chronic enteric carriers. Thus,
Q;, 1 = 1,2 is supposed to be on treatment, and those terms
—m%Ql —|—m§1Q2 and m%Ql —m%QQ are ignored in system
(1), due to the fact that the population @; cannot move in
the environment. This makes our mathematical analysis more
difficult and challenging.
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In the whole paper, we always assume that ¢, (t), S, (),
ay, (t), and a¢, (t) are w-periodic functions, for ¢ = 1,2, and

/J’Bi_gi>07v’i:1527 (2)

which coincides with the parameters given in the table on
page 664 of [16]. The organization of the rest of this paper
is as follows. The well-posedness of our proposed model
and the basic reproduction number, R, are discussed in
the next section. In Section 3, we show that the global
dynamics of our proposed model can be determined in terms
of the basic reproduction number, 7Ry. Numerical simulations

(57,57) = (

A1 (pz +m3y) + Aam3)

and biological interpretations are presented in Section 4 and
Section 5, respectively.

2. The Reproduction Number

We first consider the following system

% = A1 — (1 +miy) S +m5, 5o,
9% = Ny +m$yS) — (2 +ms, ) S, 3)

S;(0) >0, i=1,2.
Let

Ao (py +mig,) + Aimi,

Then we can verify that system (3) is a cooperative system
(see, e.g., [19]) and (S5, S3) is the only positive steady state.
Thus, we have the following result concerning with the global
stability of (S5, S3) (see, e.g., [8]).

Lemma 2.1. The positive steady state (S7,S53) is globally
attractive in Ri for system (3). That is, we have

Jim (S1(0). S2(1)) = (57 55). ¥ (51(0). $2(0)) € B2

We further have the following result:
Lemma 2.2. System (1) has a unique and bounded solution

(t

frafi 4 pamSy + pomyy’ papin A pamsy + pamyy”

Ny(t) = S1(t) + 11 (t) + Ci(t) + Q1 (t) + Ru(t)

“)

with the initial value in Rf, which is positively invariant.
Moreover, system (1) has a connected global attractor on Rf
in the sense that it attracts all positive orbits in R1?.

Proof We show that system (1) admits a unique
noncontinuable solution and the solutions to (1) remain non-
negative if they are non-negative initially. In view of [19,
Theorem 5.2.1], we can show that for any 20 € R!2, system
(1) has a unique local solution u(t, 2°) € R:? with u(0, z") =
2. This shows the positive invariance of R4? for system (1).
Next, we show that the solutions u(t, z") for system (1) are
eventually bounded. For this end, we let

®)

Then we substitute N () = N1(t) + N2 (t) into system (1), and it follows that

dN

— =AM+ Ay — Ny — poNo = 61,11 — 0¢,C1 — 00, Q1 — 1,12 — 0¢,C2 — 6, Q2.

dt
By the positivity of solutions, we see that

dN

7§A1+A27HN17HN2:A1+A27EN.

dt

where p1 = min{p, po}. Thus, limsup, , N(t) < % This means that N (t) is ultimately bounded. Since solutions of (1)

are nonnegative, it follows from (5) that

Si(t), I; (1), C;(t), Qi(t), and R;(t) are ultimately bounded, for 7 = 1, 2. Then there exists a 7o > 0 and x; > 0 such that

OéL(t)Il(t) + ac7(t)cz(t) S Xiy Vi Z T0, 1= 172

This inequality together with the sixth and twelfth equations of (1) imply that

9By < vy — (up, — g1 + mP) By +mE Ba, Yt > 70,
B2 < Xo +mBB1 — (up, — go + m&))Ba, YVt > 1.

In view of the assumption (2), we see that

to1 = pp, —¢g1 > 0and po2 := pp, — g2 > 0.

By Lemma 2.1 and the comparison principle, it follows that

X1 (po2 + m&y) + xamZ

x2(po1 + mB) + x1m¥P,

lim sup (B, (t), Ba2(t)) < (

t—o0 -

po1 oz + pormE + poem®’ po1po2 + pormZ + poamP,
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which reveals that B;(¢) and By(t) are also eventually bounded. Therefore, we have established the global existence for the
solutions of system (1), and the rest of the result follows [7, Theorem 3.4.8].
The disease-free state of system (1), Ey, takes the following form
= (51,0,0,0,0,0,53,0,0,0,0,0), (6)

where (ST, .55) is given in (4). We linearize system (1) at the disease-free state Fy and we arrive at the following linear system

0 = [Be, (t) — (w1 + 01 + 61, + €1, + 01)] 1 +m1Bc, (£)Ch + Sfﬂ%j:)31 —miyly +mb I,

dil =01l — (1 + ¢, +ec,)C1 —m&CL +mS, Co,
dB, _

a ngl + ah( )Il + acl( )Cl :uBlBl m12Bl + m21B27

@)
ddItQ (B, (t) = (p2 + 02 + 01, + €1, + 02)] 12 + 1250, (1) C2 + 53 '832 t)BQ +miyy —mi I,
92 = 09Iy — (2 + bc, + €c,)Ca + MG C1 — mG) Co,
B,

= g2 B2 + ay, (t)IQ + ac, (t)CQ — 1B, B2 + m%Bl — m2BlB2.

Note that system (7) is cooperative (see, e.g., [19]) and irreducible (see a simple test on page 256 of [20]). From system (7),
we define

Benlt) mBo,(t) STEEL 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
F(t) = 2 By (1) ®)
0 0 0 Bor () meBey(t)  S555—
0 0 0 0 0 0
0 0 0 0 0 0
and
Vi + m{Q 0 0 *mél 0 0
—0, Voo +m$, 0 0 -m§) 0
— —ay, (t) —ac,(t)  Vaz+mip 0 0 -mb
V(t) = —ml, 0 0 Vag +mi, 0 0 ©)
0 -m$, 0 —09 Va5 +m$ 0
0 0 —mih —an(t)  —ac,(t)  Ves +m5)

where Vi1 = py + 01 + 05, + €5, + 01, Voo = py + 0c, + €cy, Va3 = pup, — g1, Yaa = pg + o2 + 8y, + €1, + 0o,
V55 = po + 0c, + €0y, and Ve = g, — go.
Assume Y (¢, s), t > s, is the evolution operator of the linear w-periodic system

dy(t)
i =V(t)y,

and [ stands for the identity matrix with size 6. Then, for each s € R, the 6 x 6 matrix Y (¢, s) satisfies

%Y(t, s)=-V@)Y(t,s), Vt>s, Y(s,s) =1

Assume that C, represents the ordered Banach space of all ~ Suppose that ¢(s), w-periodic in s, is the initial distribution
w-periodic functions from R to R®, which is equipped with  of infectious individuals. Then the next infection operator
the maximum norm || - ||. The associated positive cone Ct L : C,, — C,, is defined by ([3, 5, 22])
is defined by C;t = {¢ € C, : ¢(t) > 0, Vt € R}

(Lo)(t / Y(t,t — )F(t — a)p(t — a)da, Yt € R, ¢ € Cl.

Then the basic reproduction number is given by R := r(IL), the spectral radius of L.



Applied and Computational Mathematics 2023; 12(2): 26-41

30

Wang and Zhao [22] further provide an idea to numerically calculate Ry. For a parameter A € (0,00), we assume that
W(t,s,\),t > s, s € Ris the evolution operator of the linear w-periodic system on RS,

dt

By [22, Theorem 2.1] , we have the following results.
Lemma 2.3. Assume that p()V(w,0,))) stands for the
spectral radius of W(w, 0, A). Then
1. If the algebraic equation p(W(w,0,)) = 1 admits a
positive solution )y, then )\g is an eigenvalue of the
operator IL, and hence Ry > 0.
2. X = Ry will be the unique solution of p(W(w,0,A)) =
1ifRo > 0.
3. Ro = 0if and only if p(W(w,0,)) < 1forall A > 0.
Suppose ®r(.)_v(.)(t) is the monodromy matrix of the linear
w-periodic differential system dfj—(tt) = (F(t) — V(¢))z, and
7(®p(y—v(y(w)) is the spectral radius of ®p(.y_vy(y(w). By
[22, Theorem 2.2], we further have the following result:
Lemma 2.4. Ry — 1 and 7(®g(.)—v(.)(w)) — 1 have the same
sign. That is, the state Fj is locally asymptotically stable if
Ro < 1, and unstable if Ry > 1.

Lemma 3.2. Assume that

(S1(t), I1(t), C1(t), Qu(t), Ra(t), Bi(t), Sa(t), I2

is a solution of the system (1) with initial value

dw _ (—V(t) + FEP) w, teR.

3. Global Dynamics

We first consider the linear ordinary differential system

dx(t)
dt

= A(t)x, (10)
where A(t) is a continuous, cooperative, irreducible, and w-
periodic & x k matrix function. Assume that ® 4 .)(t) is the
monodromy matrix of (10) and r(®a(.y(w)) is the spectral
radius of ®5(.)(w). In view of [1, Lemma 2] (see also [6,
Theorem 1.1]) and the Perron-Frobenius theorem [19], we see
that 7(® A (.y(w)) is the principal eigenvalue of ® () (w).

We further have the following results:

Lemma 3.1. (23, Lemma 2.1]) Let A = ZIn 7(® 4y (w)).
Then there exists a positive, w-periodic function v(t) such that
e Mu(t) is a solution of (10).

For further discussions, we need the following property.

(t), C2(t), Q2(t), Ra(t), Ba(t))

(SY,17,CY, QY, RY, BY, 83,13, C3, Q3, Ry, B3) € R,

and

(19,¢9, BY, 19,C9, BY) # (0,0,0,0,0,0).

Then

(Sl(t)711(t)a Cl(t)ﬂ Ql(t)v Rl(t)a Bl(t)ﬂ SZ(t)7 IQ

Proof In view of the first equation in system (1), it follows that

Si(t) =e” J5 bls1)ds: {
0

where

(11

(), Ca(t), Qa2(t), Ra(t), Ba(t)) > 0, Vit > 0.

t 3
edo” 0051 (50 dsy + SV |

a(t) == Ay + p1Ry +m3; Sa > Ay > 0,

and

b(t) :=

Be, (1) (11(t) +mCi(1))

B, (1) Bi(t)

+ 1+ miy.

(S1+ 1 +C1+ Q1+ Ry)(¥)

Bl (t) + KBI

Thus, S1(t) > 0, V't > 0. Same arguments show that S3(¢t) > 0, V¢ > 0.

Let
Jui(®)  Ji2(t)  Jus(%)
o1 Jaa(t) 0
an(t) ac, (t) Js3(t)
=1 "n, o 0
0 m$, 0
0 0 m%

mi, 0 0
0 m§; 0
0 0 mb
Jaa(t)  Jas(t) Jus(t) |’
o) Jss(t) 0
ag, (t) ac, (t) Je6 (t)
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where P
Ju(t) = (51+Ilf101+51+R1)(t) (k1 + 01 401, + €1,) = 61 = miy,
J (t) . mBcy (¢)S1(t) T ( ) B, (£)S1(t)
123 = S+ +C1+Qi+R) )’ “13\Y) = BI()+K5,
J22(t) = —(p1 + oc, + 601) m$y, Jas(t) = g1 — pp, —mis,
B, (t)Sa(t
Jaa(t) = (52+12.fzc(2_)~_5§_£1{2)( o) — (n2 + 02+ 01, +€1,) — 02 — miy,
J (t) _ nZﬂCQ (t)s2(t) J ( ) BBZ (t)S2(75)
45\ 7T (S 124 CatQatR2)(2) 0 ¥46\Y) = By(6)+Kp,
Js5(t) = —(p2 + oc, + 602) mSy, Je6(t) = g2 — pp, — m.

Then the matrix J(t) is cooperative (see, e.g., [19]) and irreducible (see a simple test on page 256 of [20]), where we have used
the fact that S;(¢) > 0, V¢ > 0,4 = 1,2. By (11) and the irreducibility of the cooperative matrix J(¢), we can use a generalized
version of [19, Theorem 4.1.1] to show that

(Il<t)aCl<t)aBl(t)712(t>702(t>7B2(t)>T > 07 Vi>0. (12)

In view of the equations of ()1, Q2, Ry and Rs in system (1), together with (12), we can further show that Q;(¢) > 0, R;(t) >
0, Vt >0, ¢ =1,2. We complete the proof.

Let X = R!?. Define a family of maps {¥(t)};>¢ from X to X by
\Ij(t)xozu(t»xo)v vxoz(s Ilvcla 3?7527127C27 BQ) X

where u(t,z°) is the unique solution of system (1) with u(0,2°) = z° (see Lemma 2.2 and the proof therein). Suppose
P : X — Xis the Poincaré map associated with system (1), that is,

P(2°) = u(w, %), vV2° € X.

Note that P"(z") = u(nw, %), V n > 0.
Let
={(51, 17,07, QY. RY, BY, 53, 13,C9,Q9, RS, BY) € X : I? > 0,CY > 0,B) > 0,i=1,2}

and
09X ::X\XOZ{(S?vI?>C?7 [1),R?,B?,SS,IS,CS,Q(Q),RQ,BS)GXI?ZO
or I =00rCY =0o0r CJ =00r BY =0or BY :O}.

Lemma 3.3. Let Rp > 1. Then there exists a ¢y > 0 such that for any 2° € X with ||2° — Ey|| < <o, we have

lim sup d(P™(z), Eg) > <o.

n—oo

Proof Assume Ro > 1. Then 7(®g)_y()(w)) > 1 ( see Lemma 2.4). Thus, we find a small §, > 0 such that
7(Pre, ()—v()(@)) > 1, where Fe, (t) =

Boy ()(ST =€)  mBo ()(ST =)  Br (D(ST—¢o)

ST+5&0 ST +5&0 o+ Kp, 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 Boy (B)(S5—80)  m2Bcy (1)(S5—€0)  Br,y (1)(S5—Eo)
S5 560 S3+58 £0+Ko,
0 0 0 0 0 0
0 0 0 0 0 0

Since solutions are continuous with respect to the initial values, we can find a ¢g > 0 such that for any 20 € X, with
|2 — Ep]| < <o, there holds

|u(t, z°) — u(t, Eo)| < &, Vt € [0,w],
Claim. For all 2° € Xq with |20 — Ep|| < o, there holds

lim sup d(P" (°), Eo) > <.

n—roo
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Suppose that the above claim is not true. Then we have

limsup d(P™(z°), Ey) < <o,

n—o0

for some ¥ € X with ||2° — Ey|| < ¢p. Without loss of generality, we assume that

d(P™(z°), Ey) < 5o, V1 > 0.
It follows that
lu(t, P"(x°)) — u(t, Eo)|| < &, YVt € [0,w], n > 0.

Given any ¢ > 0, we rewrite ¢ = mw + t/, where ¢’ € [0,w), and mn is the largest integer less than or equal to . Therefore, it
follows that

u(t, 2%) — u(t, Eo)|| = [Ju(t’, P™ (")) — u(t', Eo)|| < & (13)
Note that

(S1(t), I (t), C1(t), Q1 (t), Ru(t), Ba(t), Sa(t), Ia(t), Ca(t), Q2(t), Ra(t), Ba(t)) = u(t, z°)
and u(t, Ey) = Ep, ¥Vt > 0. From (13), for all ¢ > 0, we have

S+ &0 > Si(t) > S —& >0, 0< I;(t), Ci(t), Qi(t), Ri(t), Bi(t) < &o, 1 =1,2.

From the equation of [; in (1), we see that

dl Be, (1) (11 +n1C1) Sy BB, (t)B151 I I
— = ! ! — é I — 0,1, — I 1
dt  Si+0L+Ci+Qi+R = B +Kp, (o140, +en)h =l —miphy +my Iy

> Be, (t) (11 +n1C1) (ST — &o) + Bp, (t)B1(ST — &)

St +5& &+ Kp, —(m+ o1+ 61, +er) — 0L —mis Dy +my Iy
B, ()(ST — &) mBe, () (ST — o) Bp, (1) (St — &)
— 1 I 1 C 4 1 B - 5 I
ST+ 5& L ST+ 5& ! &+ Kp, 1— (w1 +o1+65, +ep)h

—011, — m{QIl + méllg, t > 0.

From the equation of I in (1), we can use the same arguments to show that
Ay | Bey(t)(S3 =) ;| mcs (S5 =) ) | A ()(S; — &)
dt S5 + 58 S5 + 58 &+ Kp,
—(/Jz + o092 + 5[2 + 6[2).[2 - 92[2 + m{2I1 - mélfz, t Z 0.

By

Then, for ¢t > 0, we further have the following inequalities

drI Bey (£)(S7—£o) 1 Bcy (1) (ST —6o) Ba, (1) (ST —&o)
@2 whe Dt T s Ot Tarks D

—(p1 + o1+ 61, + €)1 — 011 —miy L +mi I,
ey _

T o1y — (u1 + ¢, +€c,)Ch1 — m10201 + mglCQ,

dftl =g B + a5, () +ac,(t)C1 — up, By — mE,B; + m& By,

dI Bo, (t)(S5—Eo) n2B8c, (1) (S5 —£o0) BB, (t)(S5—&0)

&2 2s;+5250 I+ = §;+5§) =Cs + 250+K22 =By
—(p2 + 02 + 61, + €1,)Ia — 021> + mis Iy — mi I,

e

<2 =031, — (2 + 8¢, + €0,)C2 + m$HC1 — mG Ca,
dﬁz = gQBQ + Qaj, (t)IQ + 676 (t)CQ — ,U/BQBQ + mﬁBl — mng

(14)

In view of the fact ° € X, and Lemma 3.2, it follows that

(Il<t)aCl<t)aBl(t)712(t>702(t>7B2(t)>T >0, vVit>0.

Thus, we find a fixed fo > (0 such that

(I1(to), C1(to), Bi(to), I2(t0), C2(to), B2(t)) > 0.
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In view of Lemma 3.1, we may find a positive, w-periodic function .J (t) and J(t) := JeMt=to) g (t) is a solution of
dx(t)
" = (g, (1)~ V(D) o).

Here )\ := Lln [r(®re, ()-v(-)(w))] and d is small enough such that

J(to) = dJ(to) < (Ii(f), C1(fo), Bi(fo), I2(fo), Ca(fo), Ba(fo)).-
The comparison argument (see, e.g., [20, Theorem B.1]) and the inequalities (14) establish that

(I1(t), C1(t), B1(t), Is(t), Ca(t), Bo(t)T > J(t), YVt > 1.
In particular, there exists 11 such that
(I (nw), C1 (nw), By (nw), Ir(nw), Cy (nw), Ba(nw))! > J(nw), ¥ n > ny.
Since \ > 0, it follows that j(nw) — 00 as n — o0o. Thus,

(I (nw), C1 (nw), B1(nw), Is(nw), Ca(nw), Bg(nw))T — 00

as n — oo. This contradiction completes the proof.
Next, we show that R is an important index for disease persistence.
Theorem 3.1. The statements are valid.
1. If Ry < 1 and p; = p2 = 0, then the disease-free state £ is globally attractive for system (1) in the sense that

Jm (S1(2), Li(1), Ci(1), @u (1), Ba(t), Bi(t), S2(1), 12(t), Ca(t), Qa (1), Ra(t), Ba(t)) = Eo;
2. If Ry > 1, there exists an ¢ > 0 such that for any solution
(S1(t), I (1), C1(t), Q1 (1), Ra (1), Bi(t), Sa(t), I2(t), Ca(t), Qa(t), Ra(t), Ba(t))
with initial value 2° := (S, 19,09, Q%, R, BY, S9, 19, C9, QY, RY, BY) € X and
IY4£00r IS #00r CY #00r CY #0o0r BY #00r BY #0, (15)

we have
liminf I;(¢) > ¢, liminf C;(¢) > ¢, liminf B;(t) > ¢, i =1,2. (16)
t—o00 t—o0 t—o0

Moreover, system (1) has at least one positive w-periodic solution
(S1(t), L (), C1 (1), Qa (), Ra(t), Bu(t), Sa(t), I2(t), Ca(t), Q2(t), Ra(t), Ba(t)).

Proof Part (i). We first consider the case where Ry < 1 with p; = py = 0. Thus, 7(Pp)_v()(w)) < 1 (see Lemma 2.4).
Now we take £; > 0 sufficiently small such that 7(®p, (.)-v()(w)) < 1. Here

Be, (t) mPBe,(t) (ST +& )531(0 0 0 .
0 0 0 0 0 .
0 0 0 0 0 ’
Fe, () =
& (1) 0 0 0 Boy() mBey(t) (S5+& )BBz(t
0 0 0 0 0 .
0 0 0 0 0 0

From the positivity of solutions and the assumption p; = py = 0, it follows from the first and seventh equations of (1) that

{d5'1 <A — ,u1S1 meSl + mQSlSZa a7

45 < A2 - ,U,QSQ + m1251 m25152.

In view of (17), (3), Lemma 2.1, together with the comparison arguments that there is a £; > 0 such that
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Si(t) < SF+ &, Vt>1t,i=1,2.

Then we have the following inequalities

dt

dt

S5
%2 < Be, (1) (T2 + 1n2C2) + %32
7(ILL2 —+ g2 —+ 5[2 —+ 612).[2 — 02]2 -+ m{QIl — mélfg, Vt Z tl,
9% = o915 — (2 + 00, + €c,)Co + mGHC —m§ Ca, Vi > 1y,

40 < Be, (H)(I +mCh) + B, (51 +61) (t])((jlr+£l)31

—(p1 + o1+ 6 +en)i — 0L —miy L +mi I, V>t
% =011 — (,u1 + 501 + 601)01 — m16’201 + mgng, Vit>ty,
4By — 4By +ar, ()] + ac, (1)C1 — pp, B1 — mPBy + mP By, Vit >ty

(18)

B2 — goBs + ap, () o + ac, (t)Co — pp, Bo + mbBy — mE By, Vit > 1.

By Lemma 3.1, we can find a positive, w-periodic function v(t) and o(t) := de*(*~11)y(t) is a solution of

dx(t)
dt

= (Fe, (1) = V(1) (1),

where A; := LIn [r(Pr,, ()-v()(w))] and d > 0 is large enough such that

o(t1) = dv(t1) > (I1(t1), C1(t1), Bi(t1), o (t1), Ca(t1), Ba(th)).
Then (18) and the comparison argument (see, e.g., [20, Theorem B.1]) imply that

(I1(t), C1(t), B1(t), Io(t), Ca(t), Ba(t)) < 0(t), YVt > t1.

With A\; < 0, we see that 5(t) — 0 as t — oo. Therefore,

(I1(£), C1(t), By (t), In(t), Ca(t), Ba(t)) — O as t — oo

Then Q;(t), 7 = 1,2, in (1) is asymptotic to the following system

dQ;
dt

Thus, lim; o Q;(t) = 0, i = 1, 2. Here we used the theory
of asymptotically periodic semiflows (see, e.g., [24] and [25,
section 3.2]). Similarly, (R (t), R2(t)) in (1) is asymptotic to
the following system

I = —(w + p1) Ry — mbR1 + mi} Ry, (19)
e — —(ug + p2) Ry + mib Ry — mb) Ry,
and hence, lim;,.(Ri(t),R2(t)) = (0,0).  Thus,

(S1(¢),S2(t)) in system (1) is asymptotic to system (3). By
Lemma 2.1, we see that lim;_, o (S1(t), S2(t)) = (S7,53).
This proves Part (i).

Part (i1). Assume that Ry > 1. In view of Lemma 2.2,
we see that the discrete-time system {P"},>o admits a

= —(pi +7i +0q,) Qi

global attractor in X. Now we are ready to show that
{P"},>0 is uniformly persistent with respect to (Xg, 0Xo).
By Lemma 3.2, it follows that Xj is positively invariant under
the solution flow of (1). Clearly, X is open in X, Xo U 0Xy =
X, and Xo N 8Xo = @

Let

My = {2° € 80X, : P"(2°) € 9Ky, ¥V n € N},

and w(2”) be the omega limit set of the orbit 't = { P (20) :
V¥n € N}. Recall that Ey represents the disease-free state of
system (1), which is given in (6). Then P(Ey) = Ej.

Inspired by the work [21], we set

Mo = {(SY,19,C0, Q% RV, BY, 89, 19,C9,Q5, Ry, BY) e X: I? =CY = B? = 0,i = 1,2}

Claim 1. My = My.

Hence, I;(nw,z") = C;(nw,2°) = B;(nw,2°) =0, Vi =

Forany 20 := (59, 19,CY, Q9, RY, BY, S8, 19, C9,QY, RS, BONlE2, ¥V n € N. Thus, it is easy to see that z° € 9X, and

My, we have I? = C? = BY = 0, Vi = 1,2. This implies that
Li(t,2%) = Ci(t,2°) = B;(t,2°) =0, Vi= 1,2, Vt > 0.

P (2%) € 0Xy, Vn € N. This means that z° € M,.
Therefore, My C Mpy. On the other hand, for any 20 =
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(S 19,C9,Q%, RY, BY, S9,19,C9,QY, R, BY) € My, we Otherwise,
must have
(17,0, BY, 13, C9, BY) # (0,0,0,0,0,0),
=C?=B)=0,Vi=1,2. (20)
which together with Lemma 3.2 implies that

(Il (nw)a Cl (’I%LJ), Bl (nw)v IQ(TLCU), CQ(TLUJ), B2(nw))T > (07 Oa Oa 0, 07 O)a Vn>0.

The definition of Mj contradicts the above inequality, and hence, (20) holds. Thus, 2% € My, and hence, My C M.
Therefore, Claim 1 is true.

Claim 2. Ej is globally stable in M.

We first show that ww(2?) = Ep, V 2° € Mp. Given 2° € My = M, we see that I;(t, 2°) = C;(t,2°) = B;(t,2°) =0, i =
1,2, ¢ > 0. Then, for ¢ > 0, (S1(t), Q1(t), R1(¢), S2(t), Q2(t), R2(t)) satisfies

% =A — S+, Ry — mf25'1 + m%Sz,

dt?tl = —(p1 +7 +6g,)Q1,
dﬁl =1Q1 — (1 + p1)R1 — mBE Ry + mii Ry,

(21)
% = Ay — 11253 + pa Ry + meSl — mngg,
dfi?f = —(p2 + 72 +6g,)Q2,
2 = 5Qs — (p2 + p2)Ra + miE Ry — miY Rs.
In view of system (21), we see that lim;_,, Q;(t) =0, i =  with respect to (Xg, 9Xp) in the sense that there exists (>0

1,2. Then (Ry(t), R2(t)) in (1) is asymptotic to system  such that

(19), and hence, lim; ,o(R1(t), R2(t)) = (0,0). Thus, .

(S1(t), S2(t)) in system (1) is asymptotic to system (3). By lggigfd(Pn(xO)’ dXo) > ¢, Va’ € X,

Lemma 2.1, it follows that lim;_, o (S1 (%), S2(t)) = (S5, S3).

Thus, we have shown that @(2°) = Ej. In view of above  where d is the norm-induced distance in R'2. By [14, Theorem
claims and Lemma 3.3, we see that {Fy} is an isolated  3.7], we know that P has a global attractor Ag in Xy. Since
invariant set in X and W*(Ep) N Xy = 0, where W*(Ey) is Ao = PAg, we have that I? > 0, C? >0, BY >0, i = 1,2,
the stable set of Fy, and { Fy} is acyclic in My. In view of [25,  for all

Theorem 1.3.1], we see that { P"},,>¢ is uniformly persistent

= (SY, 10,00, QY. RY, BY, S9, 13,09, Q%, R3, BY) € A,.
Let B := |J ¥(¢)Ao. Then By C X and tlim d(¥(t)¢, Bg) = 0, V2" € Xq. Then there exists an ¢ > 0 such that for
—00

any solution
(S1(t), I1(1), C1(t), Q1 (t), Ra(2), B1(t), Sa(t), I2(t), Ca(t), Qa2(t), Ra(t), Ba(t))

with initial value 20 € X, satisfies
g T () > o N> o NS — .
htrgggffz(t) >, htrggclfC’l(t) >, htrggngz(t) >( i1=1,2
Furthermore, [25, Theorem 1.3.6] implies that P has a fixed point

&= (Sl(o)?fl (0)7 01(0)7 Q1(0)7R1(0)7 BI(O>7 5'2(0), f2(0>7 CQ(O)a QQ(O)?RQ(O)’ B2(O))

in Xo, and hence, /;(0) > 0, C()>O B(O)>OZ—12
Clearly, u(t,z) = (5’1, I,,Ch, Ql, Ry, B1, S, I, Oy, Qo, R, Bg)( ) is an w-periodic solution of (1). We can further show
that

(S1(8), L (1), Cu(t), Qu (1), Ru(t), Bu(t), S2(1), Lo (1), Ca(t), Qa(t), Ra(t), Ba(t)) > 0,
due to the similar arguments to those in Lemma 3.2.
The rest of the mathematical arguments were motivated by the work [21]. For any
= (S, 10,CY,Q%, RY, BY, 89,19, CY9, QY, RS, BY) € X with the property in (15), it is easy to see that 2° ¢ M. We claim
that there exists an integer ng = ng(z") > 0 such that P (2°) € Xg. Otherwise, P"(z°) € 9Xg, for all n > 0, which implies
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that z° € My = M, and it is a contradiction. Since
U(t)z? =

we see that (16) is also valid. The proof of Part (ii) is finished.

4. Numerical Simulations

This section is devoted to the numerical investigation of
seasonal and spatial influences on the dynamics of system

U (t — now) (¥ (now)z®) =

U(t — now)(P™ (2°)),

(1). Except the migration rates, the parameters used in our
numerical simulations were given in Table 1. In order to study
the spatial influence on system (1), we first put my; = mis =
0, w = S,I,C,R, B, into system (1), and we obtain the
following model in a single patch :

dt S+I+C+Q+R + B+KB

ddC;l = UzIz (/’Lz + 6Ci + GCi)C’L,
in =0;1; — (ni + i+ 00,)Qs,

dR =%Qi +er, Ly +ec,Cs —

where either ¢ = 1 or ¢ = 2. Next, we define the basic
reproduction number, R(()Z), for system (22). Let

| Boit) mpe,(t) S;EpY
FO) = o 0 0 7
0 0 0
and
| i 0 0
vOm=| -0 VE 0 |,
_aIi(t) _aci(t) Vi(’f?;)

where Vi) = i+ 0; 481, +er, +6:. V) = i+ 6c, +ec,
and V:(B) = up, — gi- By the same ideas in Lemma 2.3 (see
also [22, Theorem 2.1]), we let W(i)(t, $,A),t>s,s € Rbe
the evolution operator of the linear w-periodic system on R?,

, F@)
dw _ (—V(”(t) + A(t)> w, tER,

dt

with parameter A € (0,00). Then A = R(()i) is the unique
solution of

pWD (w,0,1)) = (23)

where p(W®) (w, 0, \)) is the spectral radius of W (w, 0, \).
Use the property (23) and the parameters in Table 1, we can
numerically observe that Rél) < 1 and Rém < 1 whenever
0 < dj,ds < 1 (see Figure 1 ). This reveals that the disease
cannot spread in a single patch with parameters in Table 1 and
0<dy,d2 <1

dBI =9iBi+ ali( )Il + aCz‘( )Cl

Bo; #)Ti4+n:iCi)Ss B, (t)BiS:
=M\~ siTc 0, +R Bikg, — Miditpili,
dI _ Bo () Li+miCi)Si B, (£)BiSi

— (i + 05 + 01, +€1,)1; — 6,1,

(22)

(i + pi) R,
— B, Bi,

Table 1. Parameter values (except migration rates) used in our numerical simulations,
where the values of di and da will be given.

Parameters Mean value References
By () 0.3 X [d1 X cos(27t/365) + 1.01] Assumed
By, (t) 0.4 X [d2 X cos(27t/365) + 1.01] Assumed
N1, M2 12 [15]
B, (t) 3 x 107% x [d1 x cos(27t/365) + 1.01] Assumed
BB, (t) 1 x 1078 x [d2 x cos(27t/365) + 1.01] Assumed
Kp,, Kp, 062 [16]

01, 0o 0.2827 (1]
81y, 01, 0.06 [15]
dcy s 0o, 0.004 [15]
6a1, 6g,  0.0033 [15]

o1, 02 0.04 2]

€11, €I 0.1 [15]
€0y €Cy 0.001 [16]

ar, (1) 10 X [d1 X cos(2mt/365) + 1.01] Assumed
ar, (1) 10 x [d2 X cos(27t/365) + 1.01] Assumed
acy (t) 5 X [d1 X cos(2mt/365) + 1.01] Assumed
ac, (t) 5 X [da X cos(2mt/365) + 1.01] Assumed
BBy, wB,  0.0345 [17]

"1, Y2 0.002485 [11]

H1 0.136 Assumed
) 0.281 Assumed
Ay 1 X 0.7 Assumed
Ao po X 1 Assumed
o1, p2 0.0013 (18]

g1, g2 0.014 [17]

Next, we numerically investigate the influence of migration
on the transmission of typhoid. We will show that typhoid
can become epidemic if we incorporate suitable migration
rates between patch 1 and patch 2 with parameters in Table
1 into system (1) whenever d; and ds are close to 1. That
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is, we observe that typhoid can become epidemic with suitable
migration rates between patch 1 and patch 2, although it cannot
be epidemic in each isolated single patch (without migration).
More precisely, the immigration rates are chosen as follows:

=1, m3; = 30,
miy =1, my; = 20,
m{y =1, m§; = 15, (24)
mih =1, mf = 10,
m% =1, mfl =50,
where the migration rates from patch 2 to patch 1 are much

bigger than those from patch 1 to patch 2. We first assume
the parameters in system (1) take those in Table 1 and (24),

0.2 0.4 0.6 0.8 1
d1

(a)

then the basic reproduction number R of system (1) can be
numerically computed by the ideas in Lemma 2.3, and an
interesting phenomenon occurs that Ry > 1 when d;, d2 are
close to 1 (see Figure 2 ); nevertheless, Rgz) <1li=1,2
(see Figure 1 ). This indicates that migration between patches
does play a central role in the transmission of typhoid. Finally,
we also numerically show the extinction of the isolated single
patch system (22) with ¢+ = 1, 2, respectively, but persistence
of the two-patch system (1) occurs after the migration rates
are included. The parameters we used are in Table 1 and (24).
Putting d; = 0.96 (resp. d2 = 0.95), and the extinction of
system (22) with ¢ = 1 (resp. ¢ = 2 ) is illustrated in Figure 3
(resp. Figure 4). After we put d; = 0.96 and d2 = 0.95 and
the immigration rates are chosen in (24), persistence of system
(1) occurs (see Figure 5).

0 0.2 0.4 0.6 0.8 1

d,

(b)

Figure 1. The basic reproduction number, ’Réi), in each single patch. (a) 'Rgl) for patch 1 ( system (22) with i = 1) with respect to the parameter d1 € [0, 1]; (b) 'R(()Q) for patch 2

( system (22) with i = 2) with respect to the parameter do € [0, 1]. All parameters we used are in Table 1 and we observe that 'Réi) < lwhendy, d2 € [0,1],i=1,2.

1.05

0.95-
0.9-
& 0.85
08
0.75

0.7 +

0.6? —

d

Figure 2. R of system (1) with respect to the parameters d1, do € [0, 1]. All parameters we used are in Table 1 and (24).
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Figure 3. Extinction occurs for the single patch system (22) with i = 1 and d1 = 0.96, where the used parameters are in Table 1 and only the dynamics of (I1(t), C1(t), B1(t))
are shown.

1000 1500 2000 2500 3000 3500 4000
Time t

1000 1500 2000 2500 3000 3500 4000
Time t

I | i | I
1000 1500 2000 2500 3000 3500 4000
Time t

Figure 4. Extinction occurs for the single patch system (22) with i = 2 and do = 0.95, where the used parameters are in Table 1 and only the dynamics of (12(t), C2(t), B2(t))
are shown.
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Figure 5. Persistence occurs for the two-patch system (1) with di = 0.96 and do

(I1(t), C1(t), B1(t), I2(t), C2(t), B2(t)) are shown.

5. Conclusion

Typhoid can be a serious problem in several developing
countries, and the infection of typhoid is through both
direct (i.e.  human-to-human) transmission and indirect
(i.e. environment-to-human) transmission, which is
associated with the ingestion of contaminated food or water.
Asymptomatically infected individuals are not experiencing
any symptoms but they can shed S. Typhi into the environment
for years, thereby sustaining transmission [15, 16]. A higher
incidence of typhoid fever [12, 13] is usually observed during
the rainy season since a large increase of flooding may occur
by the rainfall and the water resources is contaminated by
the excreta with pathogenic bacteria. It is also reported
that people living near water bodies may have a higher rate
of typhoid infection [4]. Thus, this study constructed and
analyzed a system that incorporates seasonal effects into
a two-patch model describing the transmission of Typhoid
fever in a seasonally and spatially variable environment,
in which the bacteria in the environment was included
and the population of human is divided into five classes,
namely, susceptible individuals, infected individuals, carrier
individuals, individuals under treatment and recovered
individuals.

The well-posedness of model (1) (see Lemma 2.2) is first
established, and the associated reproduction number, Rg is
also provided. Since the population Q;, i = 1,2, in system

2500
Time t

3000 3500 4000

= 0.95, where the used parameters are in Table 1 and (24), and only the dynamics of

(1) is supposed to be on treatment and it cannot move in
the environment, leading to that those terms —m%Ql +
mQQng and m%Q1 - m%Qg must be ignored. This makes
mathematical analysis more difficult and we can prove the
extinction of Typhoid fever only when Ry < 1 and the
additional condition p; = 0, ¢ = 1,2, is imposed, where
p; represents the immunity waning rate in patch i (see
Theorem 3.1 (i)). When Ry > 1, the Typhoid fever can
persist in the environment if one of the initial values of infected
individuals ( I ), carrier individuals (C?) and bacteria (BY?) is
non-zero, for some patch i (see Theorem 3.1 (ii)).

The numerical results in Section 4 further indicate that
migration rates between patches may reverse the outcome of
the persistence of Typhoid fever. The used parameters of
system (1) takes the form in Table 1 with d; = 0.96 and
de = 0.95. When migration rates are further chosen as those
in (24), it is observed that Typhoid fever persists ( see Figure
5), however, typhoid may become extinct when migration rates
are changed into zeros (see Figure 3 and Figure 4). Thus, our
simulation confirms that spatial effects do play an important
role in the transmission of Typhoid fever.

Finally, the influences of seasonal factors on the
transmission of typhoid are also performed numerically. For
this purpose, the used parameters of system (1) takes the form
in Table 1 with dy,dy € [0, 1], then the dependence of R on
dy,dy € [0,1] is illustrated in Figure 2. The basic reproduction
number, [Rg], of the time-averaged autonomous system



Applied and Computational Mathematics 2023; 12(2): 26-41 40

corresponding to (1) is also calculated. For a continuous
periodic function g(t) with the period w, we define its average
as [g] := L [ g(t)dt. In view of Table 1, it is not hard to
see that w = 365, [B¢,] = 0.3 x 1.01, [Bc,] = 0.4 x 1.01,

[BB,] = 3 x107% x 1.01, [B,] = 1 x 107¢ x 1.01,
[ar,] = 10 x LOL, [az,] = 10 x 1.0L, [ac,] = 5 x 1.0L,
and [ac,] = 5 x 1.01. Assume that [F] and [V] take the

forms in (8) and (9), respectively, in which ¢, (t), B, (1),
ar, (t) and a¢, (t) are replaced by [B¢,], 8B, ], [ar,] and [a¢,],
respectively, ¢ = 1,2. Then [Rg] equals the spectral radius
of [F][V]~L, that is, [Ro] = p([F][V]™!) = 0.6612, which
is independent of the choices of di, da € [0,1]. Comparing
[Ro] = 0.6612 with Ry in Figure 2, it follows that one may
underestimate the infection risks if the seasonal effects are
ignored.
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