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Abstract: The weighted extended Cayley networks are an extension of extended Cayley networks, which are the structures
constructed by introducing power spaces into traditional Cayley trees. The weighted extended Cayley networks are constructed
depending on two structural parameters of the network m,n and a weight factor r. Firstly, we used a new calculation method to
calculate the exact analytic formula of the average weighted shortest path (AWSP). The obtained results show that: (1) For very
large systems, the AWSPs for different value of weight factor r are less affected by the parameter m. (2) The AWSPs are less
affected by the weight factor » when r is greater than 0 and less than or equal to n, while the AWSPs depend on the scaling factor
r when r is greater than n. We have presented a trapping issue of weight-dependent walks in the weighted extended Cayley
networks, focusing on a specific case with a perfect trap located at the central node. Then, the scaling expression of the average
trapping time (ATT) is derived based on the layering of weighted extended Cayley networks. It was surprisingly found that (1)
Regardless of the relationship between m and n, the dominant terms of ATTs are consistent. (2) ATTs are less affected by the
structural parameter m and the weight factor » when r is less than or equal to the ratio of n to m — 1, indicating that the efficiency
of the trapping process is independent of m and 7. (3) When r is greater than the ratio of n to m — 1, the efficiency of the trapping
process depends on three main parameters: two structural parameters of the networks m, n and a weight factor r, which means
that the smaller the multiplier of three numbers r, n and m — 1 is, the more efficient the trapping process is. Therefore, the
trapping efficiency of the weighted extended Cayley networks is not only affected by the underlying structures of the networks
m and n, but also by the weight factor 7.
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1. Introduction

In recent years, complex network have attracted attentions
from various fields, including physics, chemistry, biology
and computer science [1]. A large number of scientists
in various fields are increasingly interested in transforming
molecular, fractal and other structures into complex network.

These structures include various lattices [2-7], Sierpinski
gasket [8-10], Sierpinski tower [11], Koch curve [12-15],
T-fractals and their extensions[16-21], pseudofractal scale-
free web [22-25], Apollonian packing [26-29], modular
graphs [30-32], as well as macromolecules (dendrimers[33—
35], hyperbranched polymers[36—40], etc). Dendrimers and
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regular hyperbranched polymers are two classic families of
macromolecules, which can be modeled by Cayley trees and
Vicsek fractals [41-44], respectively. The main reason is
that complex networks provide a good way to analyze their
topological characteristics and dynamic processes.

Weighted networks have attracted increasing attention in
various scientific fields[45, 46]. Weighted networks are
extension of networks or graphs, in which each edge between
nodes 7 and j is associated with a variable w;;, called the
weight[47, 48]. Taking the ecological networks for example,
the intensity of predator-prey interactions can reflect the
importance of edges in ecosystems[49]. Therefore, weighted
networks not only reflect practical significance in real life,
but also have high theoretical significance. The heterogeneity
of weights affects dynamical processes taking place on the
weighted networks. Carletti et al first defined a special class of
weighted fractal networks[46]. Dai et al constructed weighted
scale-free networks, weighted modular networks, and studied
the impact of weights on the topological characteristics and
dynamical processes of their networks[47, 48, 50].

Among various dynamical processes, random walks are
related to other dynamics, which include transport in media
[51], disease spreading [52], target search [53], and so on.
There are three most general kinds of random walks: standard
random walk, weight-dependent walk and strength-dependent
walk [54]. For the classic random walk, a particle may
choose one of its neighboring edges at the same probability
in the unweighted networks. For the weight-dependent walk
or strength-dependent walk, the particle will choose an edge
according to its weight or the strength of the node connected by
it in the weighted networks. Compared with standard random
walks, weight-dependent walk not only affects the topological
structure of weighted networks, but also has a significant
impact on the dynamical processes in weighted networks. The
weight-dependent walk is useful for studying the topological
structure of weighted networks, such as the average weighted
shortest path. In particular, as an integral theme of random
walks, trapping is related to a wide variety of contexts [12],
such as photon-harvesting processes in photosynthetic cells
[55], lighting harvesting in antenna systems [33, 56, 57],
energy or exciton transport in polymer systems [58, 59], and
SO on.

In the weighted networks, trapping process refers to the
absorption of all particles accessing a deep trap positioned
at a given location with the weight-dependent walk. A
basic quantity related to the trapping problem is the trapping
time (TT), commonly known as the mean first-passage time
(MFPT) for weight-dependent walk[44]. The MFPT is defined
as the expected time for a particle starting off from a source
point to arrive at the trap for the first time. Then, The
average trapping time (ATT), which is defined as the average
of trapping time over all starting nodes, is usually used as
an important indicator to measure the trapping efficiency.
Dai et al studied the trapping time for weight-dependent
walk in the weighted pseudofractal scale-free networks[60],
the weighted scale-free triangulation networks[61], and the
weighted tetrahedron Koch networks[62], respectively. In this

paper, we construct the weighted extended Cayley networks
depending on two structural parameters of the network m,n
and a weight factor r and study the influence of the parameters
m,n,r on the topological characteristics and dynamical
processes of the weighted extended Cayley networks.

The paper is organized as follows. In Section 2, we
construct a model of the weighted extended Cayley networks
depending on two structural parameters of the network m,n
and a weight factor . In Section 3, the average weighted
shortest path (AWSP) is computed based on this division of
weighted extended Cayley networks. Then, in Section 4, we
calculate the the average trapping time (ATT) with weighted-
dependent walk in the weighted extended Cayley networks.
Finally, a conclusion is given in Section 5.

2. The Weighted Extended Cayley
Networks

The purpose of this section is to construct the weighted
extended Cayley networks. Intuited by Cayley trees[19, 43,
44], extended networks[37, 63] and weighted networks[46,
64], we can construct the weighted extended Cayley networks
in an iterative manner.

Let us fix a positive real numbers r > 1, a positive integer
m > 3 and a positive integer 0 < n < m — 1. Denote
by Cy4(m,n) the weighted extended Cayley networks after g
iterations. Then, the weighted extended Cayley networks are
built as follows.

1. At iteration ¢ = 0, Cy(m,n) consists of an isolated

node, called the central node.

2. At iteration ¢ = 1, m new nodes are generated
connecting the central node to form Cj(m,n). Let
C1(m,n) be our base graph, composed by m + 1 nodes
and m edges with unit weight. The m + 1 nodes
in Cy(m,n) are labeled by 0,1,2,--- ;m. Cyi(m,n)
has m segments (chains), which are expressed as
1 0(m,n),C?%(m,n), - ,C7"°(m,n), respectively.
Each segment has two nodes 0,j(j = 1,2,--- ,m) and
a edge with unit weight.

3. Atiteration g = 2, Cy(m, n) is obtained from C4 (m, n):
Let ka)(m,n)(k‘ = 1,2,3) be made up of m — 1
segments of C (m, n), whose weighted edges have been
scaled by the weight factor r. The central node 0’
of ka)(m, n)(k = 1,2,3) is recorded as the labeled
node j(j = 1,2,---,m). The labeled node j(j =
1,2, ,m) of C\¥ (m,n)(k = 1,2,3) is linked to the
central node 0 with n?~2 = n% = 1 edge of unit weight.
Remark: C{k) (m,n)(k = 1,2,3) = C;°(m,n) U

C?%m,n) U --- U CT m,n) = C7%%m,n) U
50 0 3.0
C}l’ (m,n) U --- U C’én’ (myn) = C7"(myn) U

CPo(m,n)U---u ™ (m,n)UCL0(m,n).

4. At iteration (1 < i < g), C;(m,n) is obtained from
Ci—1(m,n): Let C’Z(f)l(m,n)(k = 1,2, 3) be made up
of m — 1 segments of C;_1(m,n), whose weighted
edges have been scaled by the weight factor . The
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central node 0 of Cff)l (m,n)(k = 1,2,3) is recorded
as the labeled node j(j = 1,2,---,m). The labeled
node j(j = 1,2,---,m) of C¥\ (m,n)(k = 1,2,3)
is linked to the central node 0 with n’~2 edges of unit
weight.

Remark: Cff)l (m,n)(k = 1,2,3) = C}°(m,n) U
% (myn) U---UC™ M (myn) = 2% (m,n) U
20 (myn) U --- U C™(m,yn) = C2%(m,n) U
0 (myn)U---UC™? (m,n)UC’, (m,n). Figure 1
illustrates the division of the weighted extended Cayley
networks Cy(4,2) at the iteration ¢ = 3 when m = 4
and n = 2. Figure 2 illustrates the construction process
of the weighted extended Cayley networks C,(4,2)
fromg=1tog = 3.

5. At the last iteration g, Cy(m,n)is obtained from
Cy—1(m,n) (see Figure 3): Let C;]i)l(m7 n)(k =
1,2, 3) be made up of m — 1 segments of Cy_1(m,n),
whose weighted edges have been scaled by the weight
factor . The central node 0’ of C’;’i)l (m,n)(k=1,2,3)
is recorded as the labeled node j(j = 1,2,--- ,m). The
labeled node j(j = 1,2,---,m) of Cék_)l(m,n)(k: =
1,2,3) is linked to the central node 0 with n9~2 edges
of unit weight. Thus, the weighted extended Cayley
networks is set up.

Figure 1. Cy(4,2) is regarded as merging
Ch0(4,2),C2°(4,2),C3°(4,2),C2%(4,2) for g = 3. The pink dot
represents the center node, while the green dots represent the labeled nodes.

This paper stipulates that: 0°"2 = § — 1, so this special
network is consistent with the extended dendrimers[63] when
m = 3,n = 0and r = 1. To calculate some intermediate
parameters, we introduce this special extended dendrimers.

When n = 1 and r = 1, the network is the Cayley trees[43].
Based on the construction of the weighted extended Cayley
network Cy(m,n), all nodes at the iteration g can be divided
into My + 1 levels, where M, is defined as the minimum
number of edges from an arbitrary peripheral node to the
center. Then, it is easy to verify that
g—2 g , if n=1,
' g-1 —9 e))
Lt
n—1
More specifically, the central node O is located at level 0 and
the peripheral nodes are located at level M.

3
2
| o | g
g=3
Figure 2. Iterative construction method for the weighted extended Cayley networks

Cy(4,2) from g = 1to g = 3. The pink dot represents the center node, while the
green dots represent the labeled nodes.

G;(g) is defined as the iteration at which all nodes at level 4
are created. Then

0 , if =0,
Gilg) = § Jli € (Mg = Mgy1—j, Mg — My_;], if 0 <i < My, )
g , if i = M.
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Figure 3. Structure of an weighted extended Cayley network C4(4,2) when m = 4 and n = 2. The pink dot represents the center node, while the green dots represent the labeled
nodes.

L;(g) represents the value of levels ¢ at which the degree of nodes changes, and L;(g) is defined to be

My —M,_;, if 0<i<yg,
Li(g)Z{ I 3)
M, , if i=g.
Let V;(g) denote the number of nodes at level i. According to the construction approach, it is easy to derive that N;(g) is
Ni(0) 1 , if =0, @
i\g) =
mx (m— 1)@= 1< < M,
Let N, denote the total number of nodes at the generation g. By construction, the derivation formula for N is
g—2
Ny :mZ(m— D nd ™2 m(m —1)97 1 + 1. 3
i=0
Then Eq. (5) can be solved to yield
(n+1)(g+n—1n9 2 +1 ,if n=m—1,
N, = _ —1)9-1 — po-1 (6)
J mx(m n)(m — 1) n +1, if n#m-1,

m—1—n
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and the total number of edges in Cy is Fg = Ny — 1.

3. Average Weighted Shortest Path of
the Weighted Extended Cayley
Networks

The aim of this section is to determine average weighted
shortest path of the weighted extended Cayley networks.
Average weighted shortest path (AWSP) is defined as the
average of the weighted shortest path between two nodes
over all node pairs[46, 65-67]. The AWSP of the weighted
extended Cayley networks Cy(m, n) is given by

= Dtot(g)
dy = ———— 7
T N, (N, - 1)/2 @
where
Din(9)= Y dilg). ®)
1,j€Cy(m,n)

Let d;j(g) represent the weighted shortest path linking
nodes i and j in Cy(m,n).

In order to calculate the accurate numerical value
of Dioi(9 + 1), we will split the weighted extended
Cayley network Cgyyi(m,n) into m + 1 groups, which

2 )y

i.,jGC'g(,l)(m,n) i,jECéz)(m,n)

> it )

i,jECél)(m,n)

Dioi(g+1) = dij +

= m

where ), is the sum over all weighted shortest paths whose nodes are not in the same copy of C’g(,j ) (m,n)(j=0,1,2,---

dig + -+

i,jEC_E,O) (m,n)
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are Céo)(m, n),C’él)(m,n),'~' ,Cém) (m,n). Each group
Céj)(m, n)(j =1,2,---,m)is m — 1 segments of Cy(m,n),
whose weighted edges have been scaled by a weight factor
r. The labeled node j(j = 1,2,--- ,m) of C_(Sj)(m,n)(j =
1,2,---,m) is linked to the central node 0 with n9~! edges of

unit weight. The group CE(IO) (m,n) have m - n9~! + 1 nodes,
including m labeled nodes of C’éj)(m, n)(j =1,2,--- ,m).
Figure 4 shows the division of the weighted extended Cayley
network C5(4,2) when m = 4 and n = 2.

g=3

Figure 4. The division method of the weighted network C3(4, 2) is to divide it into 5
branches, namely Céo) (4,2), Cél) (4,2), Cég) (4,2), C;S) (4,2) and 0;4) (4,2).

Through this division of Cy41(m, n), Dio(g + 1) satisfies
the iterative formula as follows:

i,jECs(,m) (m,n)

dij + Q.

dij +

>

i,jECém(m,n)

dij + g,

€))

,M).

Note that the weighted paths that contribute to €2, must all go through the central node 0. Thus, the problem of determining

Diot(g + 1) is reduced to calculating > . €™ (mon)
For n = m — 1, Eq. (9) can be obtained as

dij’ Qg and ZL

FEC (myn) d;;, (see Appendix).

Dig(g+1) = (n+1) Y dij+[(ng+n2+1>n-"‘1+1]-nr-[<n+1>(nr>g‘1+%1
i,jEBy
(o + SV S ey g BELS ey
i=0 1=0 =0

+ m+D(g+n—1 032+ (n+1)(g+n—-1)x

N (n+1)(3n + 1)n3—1

(n +1)2n2e—1)

(3n 4+ 1)n360=1 4 (n + 1)n?e—1
2

(n+1)n9=1

6

Inserting Eq. (10) into Eq. (7), 39 can be obtained as

2 3 (19)

nd, if r<n,

&
2

9 _
g-n?, if r=n,

(1)

T .
—, if r>n,
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Figure 5. The average weighted shortest path for different value of weight factor r when m = 5 and n = 4.

For n #£ m — 1, Eq. (9) can be obtained as
(m—n)(m—1)9t — (m —1)2.n91

Diot(g+1) = m”;tj dij+[m-n9 ' +1+ e | x (mr —r)m(mr — 7)1
m(m—1)(m—n) % 2 m(m+n—1) =2

e ) ey X )
(m—1)°-no"

(m—1—mn)2 [(m —n)(m —1)9~" —no~1)?

g—2
+ % ;ng_2_i x (mr —r)"] +

(m—n)(m—1)971 —n9=!

1
+ m(m-—1)- 5[(3m — 220D 49

(3m? —2m)n39=3  m?.n29-2 L nd1
6 2 3

. (12)

Inserting Eq. (12) into Eq. (7), Eg can be obtained as
nd, if r<mn,
c_lgw g-n?, if r=n, (13)

r9, if r>n,
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f

(b) log, dTg Vs. g.

(c) og, (dg) vs. g.

Figure 6. The average weighted shortest path for different value of weight factor r when m = 5 and n = 2.

For very large systems, the average weighted shortest paths
(AWSPs) for different value of weight factor r are less affected
by the parameter m. When 0 < r < n, the dominant
terms of the AWSPs are consistent according to Eqs. (11) and
(13), regardless of the relationship between m and n . when
0 < r < n, the AWSP grows with the g power of n in Figures

5(a) and 6(a). When r = n, %9 scales with the g power of n in
Figures 5(b) and 6(b). Therefore, the AWSPs are less affected
by the weight factor » when 0 < » < n. Whenn = m — 1,
Eg - g for r > n grows as a power-law function of the weight
factor r with the exponent, represented by the network iteration
g (see Figure 5(c)). When n # m — 1, the AWSP forr > n
grows as a power-law function of the weight factor r with the
exponent g (see Figure 6(c)). Thus, the weighted extended
Cayley networks cannot show the characteristics of the small-
world systems.

4. Average Trapping Time of the
Weighted Extended Cayley Networks

The main focus of this section is to study the trapping
problem of weight-dependent walks with a single trap located
on the central node in the weighted extended Cayley networks
Cy. The purpose of our research on trapping problems is to
explore the impact of network structural characteristics and
weights on trapping efficiency.

The trapping problem of weight-dependent walks in the
weighted networks requires introducing some basic concepts,
including the weight, the strength of the node and the transition
probability from the node to its neighbor node. The weight is
defined as a variable w;; assigned to the edges between nodes
7 and j in the weighted network [68, 69]. The variable w;;
between nodes ¢ and j is assigned by the nth power of r, which
is called the weight factor. The strength of the node is the sum
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of edge weights of all edges connected to the node[70]. For
weight-dependent walk, a walker chooses one of its nearest
neighbors with probability proportional to the weight of edge
linking them[54, 71]. The transition probability from node ¢ to
its neighbor j is

pe Wi Wi
1—7 o I
§i E:jEVQ)“hJ

’U)ij

(14)

where s; is the strength of node ¢ and v/(4) is the set of neighbor
nodes of node :.

D)= 51 S Tolo) = 1
N, -1

Next, we will introduce a parameter indicator (the average
trapping time) to evaluate and describe many important
dynamic processes of the weighted network, such as trapping
efficiency. The trapping time (TT) is known as the mean
first-passage time (MFPT), which is the expected time for
a walker starting off from a source point to first reach the
trap[72, 73]. Let T;; be the TT from the node i to the trap node
j. The average trapping time (ATT) is defined as the average
of trapping time over all starting nodes. ('), is represented
as the ATT to the trap positioned on the central node in the
weighted extended Cayley networks C,;. By definition, (T'),
is given by

where T}, (g) represents the sum of the TTs for all nodes to the trap located on the central node.
Let F;(g) denote the TT for a node at level ¢ in Cy. Based on the layering of Cy, F;(g) is given by

m[wg) 414 Mo Lr

Eq. (16) can be elaborated as follows:
1. Wheni =0, Fy(g) = 0.
2. When i # Lg,(4)(g), the strength of one node at level

iis r&i+1 4+ G With probability e = 1, the
walker takes one time step from a node at level ¢ to a
neighbor node at level ¢ — 1, and then makes F;_1(g)

jumps to reach the trap for the first time; with probability
rGit1

node at level 7 to a neighbor node at level ¢ + 1 and then
takes F;11(g) steps to visit the trap for the first time.

3. When i = Lg,g(g), the strength of one node at

level i is 7%=t + (m — 1)r%. With probability

= %, the walker takes one time step from a

Fi(9) — Fi—1(g) = (m — 1)7[Fiq1(g9) — Fi(g)] + [1 + (m = 1)r], i= Lg,(4)(9),

and

Fi(9) — Fi—1(g) = [Fiy1(9) — Fi(9)] +2, i # Lg,(9)(9)-

Ai(g) = (m—=1DrAip(g) +[1+ (m—1D)r], if i= La,(g)(9),
i Aiy1(g) +2. if i # La, (g (9),

(m—1)r+1

, (15)
Ng_l
0, if i=0,
[Fizi(g) +1], if 0<i< M, and i = Lg,4)(9),
(16)

1 1 . . .
5[177:—1(9) +1] + §[Fz'+1(g) +1], if 0<i< M, and i # Lg,(4)(9),
FMg_l(g)+1. if i:Mg.

r&i—1 1
rGi—l4(m—1)r% (m—1)r+1°
from a node at level ¢, walks one time step to arrive at
a neighbor node at level ¢ — 1, and then jumps F;_1(g)
to more steps to reach the trap for the first time; with
probability —- E"l’:(;)l"f?)rci = (gﬁ;)lr)lv the particle
walks one time step from a node at level i to a neighbor
node at level ¢ + 1 and then takes F;1(g) steps to visit
the trap for the first time.
4. When ¢ = M, the walker only need to take time step
from the outermost node to the second outermost node.

Thus, for 0 < i < M, we have

the particle, starting

a7

(18)

19)

holds for all 0 < i < M. Using the initial condition Az, (9) = Fur,(9) — Fn,—1(g) = 1, Eq. (19) can be solved to yield



122

N
&
—
)
=

I

Dandan Ye ef al.: Trapping Issues for Weight-dependent Walks in the Weighted Extended Cayley Networks

(mr — )9~ G L1+ (m — D)r][(mr —r)° + (mr — ) 4+ (mr — )2 + - 4 (mr — r)9717Gi9)]

+ 29t — 919D g 4 o(mr — ) {[(mr — )0 - 972G (i — )L 9737 C9)
+ o (mr— T)g*?’*Gi(Q) ] = [(mr —r)° + (mr — )+ (mr — T)ngfGi(g))”
9-1-Gi(g) 4
= (mr—r)97%9 4 [1 4 (m—1)r] Z (mr — ) 42971 — gm0 )
5=0
9—3—Gi(g) _ - 973=Gi(9) '

+ 2(mr—r1)| (mr —r)t - pd =27 Cilo)=i _ Z (mr —r)*].

3=0 j=0

Ifr# 2 andr # m, then we have
1 n 1
A, - 9N _ _ )9-Gilg)
(9) [ +mr—r—l (mr —r —n)(mr —r) (mr—r—l)(mr—r)}(mr )
bogupemt AT G gy,

mr—r—n

If r = -, then we have
m—1

Ai(9) =2(g —1—=Gi(9))n9™ =G L 2(n — 1)n9= 1% £ 2. p9=1 — 25 41,

If r = —L-, then we have

Ai(g)=2-n"""

2(n - 2) nd—1=Gil9) _9; 4

3n—5
n—1"

n—1

Using the obtained intermediate quantity A;(g), Fi(g) (0 < ¢ < M) can be calculated by

Fi(g)

When r # e, 7 # ﬁ and r # m then

Fo(g) + Y _[Fi(9) = Fj-1(9)]
j=1

Folg) + Z Aj(9).

k1 ) _a, k1 _a,
F, - — )9+ Ky — r)9-Gilg) _ g — r)9-Gil9)
(9) P e —Y [n(mr — )9 + ki - i(mr —1) o P 1)n (mr —7)
I ka(mr —r —1) [n(mr — )9~ 69 4 2. n=1 — Ln%g*l) — kg -i-nI 1G9
(n—=1)[n(mr—r)—1] 2 —

k2 ag-2-cig) ky  a-Gite) _ 2

T n(nz—l)n “

where ky = 2[1 + m'r*flrfl + (mrfrfz)(mrfr) - (mrfrf%)(mrfr)] and ky = 4(2:::)7_:'”

then

When r = —2—,
m—1

(20)

21
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2[(n* = g+ (n® = 3n® —n +2)] n29=1)

123

= +2i(g+n—2—Gyi(g))nd 1= G@)

When r = —1— then

(e 17
2[(n? — 1)g — (2 = DGilg) + (0" 202 + )] 5, ) _ 2941 2= Cilo)) 312 crie
n(n? —1)2 n—1
+ 2097t =4 (22)
n2(g—1) i -nd—1-Gi(9) n2(g—Gi(9)
Fi(g) = —2(n—2
(9) (n )[(n—l—l)(n—l)QJr n—1 Jrn(n—i—l)(n—l)2
n29—2-Gi(g) 2(n —2)
T yoipsl o2 2T 23
e | +2i-n L | (23)
1
n(m 1)’then
2(n — 0~ 1) Gilg) e G
Fi — ? . g+Gi(g) _ _©°
(9) n?—1 [ n +n(n71)+l " n(nfl)]
2n2 — 2 29 2(9-Gi(9)  j.p9—Gi(9) 29-Gi(9)
(77; )[ i n n i-n on |42 09~ — 2, (24)
n2—1 n2(n%2-1) nn2-1) n n%(n—1)

(T') 4 is the ATT to the trap located on the central node in Cy. According to Egs. (15) and (21-24), (T') ; can be solved to obtain

as follows:

forr # g r #

M,
T, Zi—lj\ffji(_g)le‘ (9)
e S -2y B
y éz p=Gile) _ ’:(:[f’”l(;?m_l)l];’ &j Pt 91 4 9]
: flm@;i;r;;imff;r Sy 2
X Zz m — 1)Gi9) _ (’“27”1')”(:;_1)1)[2@_1)1‘.ng Y (m = 1)7]
e 1§i,(mn L (ﬁjﬂji?;:ili) i’_ll(m;l)i. g1
o G ll(mngl)l T (T
M,
- Y - DO/, - 1), (25)
=
—L_andr # Gy
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<T>g =
+
+
X
+
forr = .
<T>g =
1
forr = m—1-
(T)g

it Ni(o) Filg)
N, -1
2m[(n? — 1)g + (n® — 3n? — n + 2)]n29~D g . L
{ 2 2 n?=" 7 4 (m = 1)7]
(m—1)(n?2-1) 2:1
g-1 Ms m — m-nd—1 M, m —
2m(947rnn_—12)n ;i'(nl)Gi(Q)Qm—l;i'Gi(g)( - 1)Gi(g)
2m[(n? — 1)g + (n® — 2n? + 2)|n29-1 im—1 i g1i m—1 2m - n29-1
(m = 1)~ 12 2 ) e
M -1
~ (ML 2m(g +n —2)n*0" Y = m — 1 i pg—1-i m—1y
;Gz(g) (—3) m-Dm-1 2=n ) +(——)]
m . n2a—1 Mg m m -1 M
T D Gile) ()0 TS - 1)
i=1 =1
Mg
S (= DS (N, - 1),
i=1
>it Nilg)Filg)
N, -1
—2m(n — 2)n309—1) K, P g1 g 2m(n — 2)n9 !
{(m—l)(n—i—l)(n—l)?[;(m_l) S UL el e IO
ol o om—1 ¢ 2m(n — 2)n?9~1 m—1 i ge1—i, m—1.,
;z.(—n )G<>_( e D TP i:1( ) + (=57
m(n — 2)n2e—1 9! m—1_. ) m — m-nd—1 M,
Q(m(_l)Q(il_l)Q - n 1)Z-ng_1_l+( n 1)g]+2m_1 2 7 ( —1)G'(9)
l ) 2m(n —2) )
m 2 Gilg m\n — I N —1)9 -
_ S Ni(g)Filg)
N, -1
. 2(n*—n-1) m 1 i g1i . m
e T D L T e
g—1 —g M,
) g—1—1 g mn Gi(g m
X [;(mfl) -n +(m—1) }+m_1i:1z (mn —n) Uin(n—l)(m—l)
g—1 g 2(77‘2_2) = g—1—i
X [n Z + (mn —n)9]) — 7] <n( 71 o Z ~1)'-n

(26)

27
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m—l 1 m - nd . m—1
-1 g—1—i g Gi(g)
+m=) o _1>(m_121 () S ()
m— m—1 om -9~ )
pd—1-1 Y] Gi(g
+ n(n—l m—1) Z + n gl m—1 i-(m—1)
=1 i=1
- Zz DD} /(N, - 1), (28)
for r = 7n(ml_1).
When g — o0, (T'), has the following dominant term:
2\g if
)9, if r< p—
2 . n
(T)g = g-(n7)d, if r= 1 (29)
— D)9 if .
[nr(m —1)]9. i T>m—1

In order to better analyze and understand the average trapping time (ATT), we have calculated the specific analytical
expressions for ATTs under two scenarios:(1) m=5, n=2, and (2) m=5, n=4.
(1) When m = 5 and n = 2, we have

4r — 1 1
r - [(47097(?1'(9) _ ngGi(g)] +29 - 241, if r#=,
Ag) =4 1 2 (30)
g+1,, a, Gi(9) . 4—c, - - 1
J T “99-Gilg) _ 29-Gi(9) £ 99 _9; 41, if r= 3
2 2 ’

Then, F;(g) can be obtained as

dr—1_ (8r)9 dr — 1

49
9=Gi(g) 4 ;. g—Gi(g) _ 99-1 9-Gi(g) _ =
1@ =1 T e o1 i (4r) 277 (d4r) 6
49—Gi(9) 1
_T_Z 99— G(g)_i_22glG(g)]_,_Z 29 _ 42 1fr7é 7&8
39 =1, 3945 0 cue) L 91 s _ 9T oae-cue) _ Gild) y-cu0)
F(g)={ % 18 2 et 6 X (31
f%G (g)29~Ci(9) 4 i )229 Gil9) 4 .99 _ 2 if = =
. G, —-G; .
Gilg) +1 + %279+Gi(9) _ 27@ A L(g) _ %297&(9)
3 3 3 9 9 3
929—Gi(g)
+ +4-29 =%, if r=—
3
At last, (T') 4 can be obtained as
M)y = (=D 3 o a6+ ——AT D (L4699 4 (2 — 1)
o 8@2r—-1(8r—1)2 4(2r —1)(8r —1) 2
5(r —1)(4r — 1) 5r(r—1) 5(4r — 1) 5(2r+1)
89 49 8 167)
T ey R T m PR TR A M Tom A S
5(4r — 1) 5(4r — 1) 5(4r — 1)
2T [2(r — 1)89 + (16 S 3169 —2-89] — g9
To(2r — 1z 20— V& + 161 = o555 Y To Ty



126 Dandan Ye ef al.: Trapping Issues for Weight-dependent Walks in the Weighted Extended Cayley Networks

- M[(Zg —1)87 —2(g +2)49] +

5 53
— 24— 2169
s #1108

5(4r — 1) 15 5(3g — 1)
o= TR 189 422 .19 2229 — 2
To(2r — 1) T D8 + 5516 32

_9g—16'89_3g+5.4
24 8

.89

1 15 5
9_-.99 297l 991
5 2/(5 o207,

B 5(4r—1) 3 , , 5(4r — 1)
Dy = Zer—peEr—plz B -0+ 15 —hE -l
5r—)@r—-1) ., 5r(r=1) . 54r—1) s, 52r+1) g
= S@r -1 PTTIE CR T o R A To e AN
5(4r — 1) , o Bdr—1) 5(4r — 1)
To(r — 19z 20— D87+ (16)7] = B 24(2r — 1)

5(4r — 1) 5(4r — 1) 15 5(3g — 1)
= 2T 29— 1)89 — 2(g + 2)49) + " T (g4 1)89 4 [ 169 — 29 —2)
T2y — 1129~ D8 = 29+ ¥+ 5o 5 (g + D8+ (55 16 32
5 5.3 99 — 16 3g+5 1 15 ., 5
_ — . 491 — Z[Z . g__Z - .9 _ <2  — .49 _ _ .99 .49 — — .
s ¥1-alg 16 24 s Vo YhE 2

1

- (167)9 + (2r — 1)49)

[3-169 —2-89] — g

. 89
2971,

forr;«é%andr#%.

5(3g—1) 3 5(3g +5)

5(g+1
2169 — 89] + goy Dot D

Ty = { 144 64

(29 — 1)87 +2(g + 2)4Y]

5(9” + 39)

5
S 89— (89— 49) — —[(¢% + 39 — 6)87 + (g7 + 5g + 6)49] + ol

64
3 ., 99-16
8 24

.89

.89

_39F5 4
8

N|—

forr =

5(3g+1)49 5 5

= {7 7 4 T (1489 —7.49 .99 _ _ S (7.9 _ 99+2
(T>g { 21 +144(148 7-49+10-2 8) 72(78 2 )

5 3 5 5 5(g + 1)89

22169 —89) — 2 .89 — D [(2g — 1)89 + 2(g + 2)49] + 2T )T

S mn - D D - 10 a2+ 20T

g.169_M.gg_§.4g]_§[§.16g_w. _ 3945

16 32 8 4°8 24 8
)

e 15 go-1 2 e
- SN/ g, (32)

+ [ g 49

1
forr = 5

(2) When m = 5 and n = 4, we have

24{? — i’) (4r)9= (o) — 72? — 1)49—6‘1'(9) + % 49— 2041, 0f T #£ L
r— T —
Ai(g) = (33)

2 G; ‘ 1 .
%49—(37‘,(9) _ #49—01(9) + 5 49 2+ 1, if r=1.

Then, F;(g) can be obtained as
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49
167)9-G(9) 1 5. (49)9-Gi(9) _ Z_ . (49)9—Gi(9)
=D lager =1 T 306 — 1)) i (4r) 12 ) ]
C2r—1 [E N 169—Gi(9) i 4e-Gila) _ 429—Gi(9)
2(r —1)1°60 15 ‘ 12

159 + 34 169-Gilo) 4 I + 22' L 49-Gile) _ 9 + 2429—6‘7:(9) _ Gilg) 169 Gi(9)

4r—3 . (167r)9 dr—1

1.9_2' i
]+24 i°, if 7“751,7‘7&16

159 + 14
29+ 16y

8152 2152 2 24 30
Sa(aas—Gio) 4 Gil9) y29-cug) . T 49 2 —
2Gl(g)él + o4 4 +2 49 — =, if r=1,
22 Gi(9) 1 o _ 4Gi(9) 7 169 169G
il Bl il qm9tGile) -2 L= o2 . 49— Gi(9)
Bla Tt o "Bl T
429—Gi(9) 1

_ 2.9_2 - —
B ]+24 i, if r 6

(34)

At last, (T'), can be obtained as

5(4r — 3) 5(4r —1)(4r —=3) 1
), = A7) L (64r)9 + (121 — 1)49
(Mg {128(r “1)(167 — 1)(9 +3)(64r)° + 24(r — 1)(16r — 1)2 (7 (64r)7 + (12r = 1)47]
5(4r — 3) 9(4r +1) 3 r—1 6r(r—1)
479 1679 . 167 .49
3o B —naer =) M s oo i Y G oyae o Y
5(4r —3) 1 9 g @r=1(g+3)_, 2r—1 9 p
960 — y(ar —1yla (0477 + Br = 1) 16°] = e T 0 — o O 44 4]
5(2r — 1) 5(2r — 1) 15(2g — 1)649  5(3g —2)169, 1
— 2T (649 + 4167 649 — —[3(5g — 11)649
2560 — 1y 04+ e s e B v R T G A
+ 10(6g — 1)169 + 8(5g + 6)49]}/(5(g + 3)49~2)
forr #£1,r # %andr;é %.
Atlast, (T') 4 can be obtained as
(159 + 14)(g + 3)649 159 + 34 5(9+2)
T, = 49 444 49 49 4 4 49
(g 90 - 43 * oy qm 0 I+ =555 1647 +4- 4]
5(9 + 2) g 1 g g 1 g g g
647 — S 4 649 4 (1659 — 4)4°] — [3-647 45169 8- 4]
5 15(2g — 1)649  5(3g —2)169, 1
2 (649 —1)167 — —_[3(5g — 11)649
5733 0%+ (69— DI6]+ [+ ==~ 555 359 — 11)6
10(6g — 1)167 + 8(5g + 6)49]}/(5(g + 3)4972)
forr =1.
. (g+3)649 1 , o 5 o, 5649
Ty = {5 — g (04 + 44— 647+ 4 16%) +
5(2g — 1) 5(3g + 2) 15(2g — 1)649  5(3g —2)169, 1
169 49 S — — 11)649
ol T I o 61 ) 251509 — 116

_1
forr = 1

+ 10(6g — 1)169 + 8(5g + 6)49]} /(5(g + 3)497 %)
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(1), = {11(92 f;ZgMg + 11(19;2:1)@ + 159—52[2 1167 — 11(5g — 11)49 — 176] — 6.1%[13 1169 — 49+
a 7(g4;.?gf4g 48 .7152 (647 4 44 - 47] = 15 [647 + 4 167] + 79.-%449 * [15(2g2;61)649
209 2RO L (35— 11)647 + 10(6g — 1167 + 8(59 -+ 6)47]}/(5(g +3)49) (35)
for r = .
100
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T

(a) logy2(T)g vs. g.
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Figure 7. Average trapping time (T') 4 or <Tg> g

For the range of g < 100, the average trapping time (T), or
Ds yversus g on a semilogarithmic scale is shown in Figures
7 and 8. Regardless of the relationship between m and n, the
dominant terms of ATTs are consistent according to Eq. (29).

1. When r < #, the main term of ATT is the g power
of n? according to Eq. (29). (T'), versus g on a
semilogarithmic scale is basically a straight line, and the

1 1 1
0 10 20 30 40 50 60 70 80 20 100
G

(T)g
g

(b) logy2 vs. g.

—r=06

1
60 70 80 20 100

o
8
@l
al

a3

(d) log,.o(T) g vs. g.

versus g on a semilogarithmic scale when m = 5 andn = 2.

slope of the fitted straight line is expressed as k =~ 1 in
Figures 7(a) and 8(a), which is consistent with Eq. (29).

2. When r = -, the dominant term of %“i is the g

power of n? based on Eq. (29). %“i Versus g on a
semilogarithmic scale is basically a straight line, and the
slope of the fitted line is approximately 1 in Figures 7(b)
and 8(b), which is consistent with Eq. (29). Therefore,
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ATTs are less affected by the structural parameter m and
the weight factor » when r < - indicating that the
efficiency of the trapping process is independent of m
and r in Figures 7(a), 7(b), 8(a) and 8(b).

——, the main term of (T"), is the g power
of nr(m — 1) based on Eq. (29), Figures 7(c) and
8(c). m and n are two key parameters for constructing
the internal structure of the networks. Figures 7(d)
and 8(d) indicate that ATTs grow sublinearly with the
network order, which also means that the efficiency of

100

100 T T T T T T T T T
—4#—r=15
0 [—#—r=2 ]
=3
80 |—%—r4 " 1
70 1
g '
T or 8 i
g 40+ 4486 4
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10} 48| / |
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(c) logy2. . (T)g vs. g.
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g9

Figure 8. Average trapping time (T') 4 or

5. Conclusions

In

this paper, the weighted extended Cayley networks

are constructed depending on two structural parameters

of the network m,n and a weight factor r.

used

We have
a new calculation method to calculate the exact

logiay(Thg

150

100

129

the trapping process depends on the parameters m, n,
and . When m and n are kept fixed, the smaller the
value of r is, the more efficient the trapping process
is. When 7 is kept fixed, the smaller the value of
m or n is, the more efficient the trapping process
is. Therefore, the trapping efficiency of the weighted

extended Cayley networks is not only affected by the
underlying structures of the networks m and n, but also
by the weight factor r.

——r=15 -
——r2 >
-3 o

——

1 1 1 1

1
50
€

(d) log,2(T)g vs. g.

60 70 80 20

versus g on a semilogarithmic scale when m = 5 and n = 4.

analytic formula of the average weighted shortest path
(AWSP). Firstly, the weighted extended Cayley network
Cy41(m,n) should be split into m + 1 groups, including
i (m,n), ¢V (m,n), -, CS™ (m,n). Then, the sum of
all the AWSPs with nodes which are not in the same branch of
Cy41(m,n) in Appendix is obtained. The expressions of the
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AWSPs with nodes belonging to C’éo) (m,n) and C’ggl)(m, n)
have also been deduced in Appendix. The expressions for
AWSPs show that: (1) For 0 < r < n, it grows with the g
power of n. (2) For r = n, its dominant term is g x n9. (3)
For r > n, AWSP xg grows as a power-law function of the
weight factor r with the exponent, represented by the network
iteration ¢ when n = m — 1; AWSP grows as a power-law
function of the weight factor » with an exponent of g when
n # m — 1. For very large systems, the AWSPs for different
value of weight factor r are less affected by the parameter m.
Thus, the AWSPs are less affected by the weight factor » when
0 < r < n, while the AWSPs depend on the weight factor r
when r > n.

To explore the effect of the underlying structures and the
weight factor on the trapping efficiency, we have studied the
trapping problem for weighted-dependent walks taking place
on a weighted extended Cayley network, concentrating on a
particular case with the single trap fixed at the central node.
Then, the exact analytic formula of the average trapping time
(ATT) is derived based on the layering of weighted extended
Cayley network. It was surprisingly found that (1) The main

Appendix

Appendix I. Calculation Process of ), 1, 5€CO (m,n) d;;
9. g b

Making S, (m,n) = Zi,jecgo)(m,n) d;j, we have

3m?2 — 2m 9 m2 —2m

n_(2) The

m—1"

is the g power of n2. (3) The main
term of (T"), is the g power of nr(m — 1) when r > 1.
Regardless of the relationship between m and n, the dominant
terms of ATTs are consistent. ATTs are less affected by the
structural parameter m and the weight factor » when r <
—2, indicating that the efficiency of the trapping process is
independent of m and r. When r > #, the efficiency of
the trapping process depends on three main parameters: two
structural parameters of the network m, n and a weight factor
7, which means that the smaller the value of nr(m — 1) is, the
more efficient the trapping process is. Therefore, the trapping
efficiency of the weighted extended Cayley networks is not
only affected by the underlying structures of the networks m
and n, but also by the weight factor r.

term of ATT is the g power of n? when r <
(T)q

dominant term of

Acknowledgments

None.

Sg(ma 1) = Sg—l(m7 1) +

5 g 5 9 (36)

Using the initial condition S (m, 1) = m?, Eq. (36) can be solved to yield

3m? —2m m? —2m 3m?2—2m m?—2m
So(m,0) = Si(m,0)+ ———— (1" + 2%+ +¢°) - —5—(1+2+ 49 - —F——+——5—
3m? —2m m? —2m
= 5 (P24t - (1+ 24 +9),
)[(3m? — 2 2
_ 9l +D[Bm” —2m)g + 2m] 37)
6
By replacing g with n9~! in Eq. (37), we can obtain
3 2 _ 2 39—3 3 2, 1,292 2m, - g—1
8, (m,n) = M= 2mn & ? nT TAamen (38)
Appendix II. Calculation Process of (2,
Let sz denote the sum of all shortest paths with nodes in Q(gi) and Q(gj )(i, Jj =0,1,2,--- ;m). Using the structure of
Cy(m,n), the analytical expression for 2, can be rewritten as
Q = QP+ + A0+ + QS 4+
+ QEB + 934 4ot ng 4ot Q§m72)(m71) + Qém72)m + Qﬁ(]mfl)m
—1
— mop y M= Do (39)

2
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Due to the symmetry of network structure, Q)° = Q2 = ... =030, Q2 = Q3 = ... =" = Q¥ =2 = ... = Q2" =
Q(m 2)(m—1) Q(m 2)m Q(m 1)m
=3 =3l =3l

In order to calculate 2,0 and 2%, we introduce the intermediate quantity A4, where A, represents the sum of d;o(g) starting
off from the node i(i € C,(m,n), # 0) to the central node 0. By definition, we have

Ag= > di.
1€Cy(m,n),i#0

Considering the self-similar network structure, A, can evolve recursively as

m—1

-1
Ay = - rAg—1 xm+[(Ng—1 — 1) x xnI T xm4+mI 2+ 92— 1)+ +24+1)] xm

n29—4 + ng—2

= (m—1rAg_1+(m—1)(Nym1 = Dn? 2 +m - 5

Then, we have

(n+1)(2n —3) n29—4 " + lng—Q

nrAg,1+(n+1)g~ngg_4+ + 5 , if n=m-—1,
Ay = (40)
-1 — +n—-1 .
(m—1)rAg_1 + m(n:n — i(jbn n) (mn —n)9=2 — T;an(gm + %ngﬂ, if n#m-—1,

To reduce computational complexity, we chose the maximum and minimum values of n. The maximum and minimum values
of n are m — 1 and 2, respectively. When m = 3, n = 0 and r = 1, this special network is consistent with the extended
dendrimers[63]. When n = 1 and r = 1, the network is the Cayley trees[43]. So the minimum value of n is chosen as 2. When
n =m — 1, A, is inductively to obtain as follows:

— 9_2

_ ; (n+1)(2n— i( i n —|— 19 l
Ay = (nr) z:; “(nr)t + —2n4 12: )9~ an nr)*
n+1%& (n+1)(2n —3) & 2 L —|— 1
o 1 7 z i 7
= (n+1)(nr)?” o ; )t + T; )97 (nr) an (nr)
where the initial conditions Ay = 32" djo = n 4 1.
When n # m — 1, A, is inductively to obtain as follows:
A, = (mr—r)g_lAl—i—m( m = 1)(m gz_gmn—n)g Zimr — 1)t — m{m+n—1)
g —1-n P 2(m—1-—n)
g—2 m = 2
X Z(n2)9_2_i(mr —r) 4 5 an_2_i(mr — ),
=0 =0
_ —1, m(m - 2-i i m(m+n—1)
S e e ; m) = mr =) = Ty
g—2
X Z(TLQ)Q_2 Y(mr — ) an imr — )",
i=0

where the initial conditions A; = Z:’;l dio =m
Using the calculated results of A, we have
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Ql?

where dj = 2 - 797! have been used. In order to €2,°, we need to deduce the result of )

> dn =g )
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10
L N
ieCéD(m,n)
jGC_L(ZO) (m,n)

i€C{M (m,n)
ject® (m,n)

= (m.n9—1+1) Z

ieCS (m,n)

(din + dij)

dip + %mj\fg_l) Z dj1

Y Uit L B %Ng Dy, 1)

m

>
ieC{ (m,n)

jeC;z)(m,n)

Z (di1 + d12 + dj2)

i€C{ (m,n)
JECED (m,n)

(m—1)(Ny — 1) Z diy + (m_l)z(Nq_l)ZQ,ng—1+ (m—1)(Ny — 1) Z dj

iec$t (m,n)
2(m —1)(Ny — 1) (m — 1)rA, . (m — 1)2(Ng —1)2

- - —3 2.n971, (42)

7€C () i1 Then, we have

din+[1+ (29— 1) x (m—1)]+[24 (29 —2) x (m —1)] +---
j€C§0)(m,0)

+ [(g=1)+ 29— (g—1) x (m—1)]

glg—1 glg—1
= (2m—1)g+%+(mf1)(gfl)~2gq—(m—1)-¥
3m—2)g+m
_ gl : Jg +m 3)
where Zjec§°)(m,()) dj1 =2m — 1.
By replacing g with n9~! in Eq. (43), we can obtain
3m —2)n29=2 4+ m . n9—!
Yo dp= ( ) 5 . (44)

e (m,n)

Substituting Egs. (41), (42) and (44) into Eq. (39), we have

—1)2 _
Qg — [m~n971+1—|— (m 1) (Ng 1)

|- (mr —r)Ay +

(3m —2)n?972 +m - n9~1

+ (m—1)(Ny—1) 5
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Appendix III. Calculation Process of 2” €O (myn) Dij

In order to calculating Zl d;;, we first divide the network structure C’;l)(m,n) into m branches, including

Ject (m,n)
B_§°)7 Bél), e ,Bém_l) (see figure 9). Bél), B_f), e ,B_,gm_l) are the copies of B,_1, whose weighted edges have been
scaled by the weight factor r. The white nodes do not belong to I, or D!(]l) (m,n); the green nodes belong to Béo); and the red
nodes belong to B + B + ... 4 B{™™Y.

Figure 9. The structure ongl) (m, n) is split into m branches, including Bgo) s Bgl) AR Bgm’ D,

Based on the network division of By, > ijeB, d;; can be rewritten as

J€Bq i,jeBY” i,jeBy" i,jeBY) i,jeBy" Y ieBy” jeBS”
+ -+ E dij—F E dij+"'+ E dij+ E dij,
ieBY” jeB{™ ™" ieB jeB® ieB jeB{m~ ieB{? jeB(®
+ ot > dij + -+ > dij,
i€B§2)7j€B;7yL71) ieBg7,L72)7j€B§7,L71>
(m—1)(m—2)
= Y dy+(m=1) Y dy+(m-1) > dij + ——%5 > dy,
i,jeBLY i,jeBLY ieB\ jeB{" ieB{M jeB{®
where Zi,jécggl)(m,n) dij = Zi7j639 dw

Based on the structure of Bg(,o) (m, 0), we can obtain the iterative formula as follows

SNooodiy— Y. diy = (m=1)(g = D[(3m — 5)g — (4m — 6)]

i,7€ B (m,0) ijeBL” | (m,0)

Then, we can get
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1 g—1 2
(m 3m 5)r o 27“ . (m=1*  (m-=1)3m—5)r
E di; = E 7 . E 1+ 9 — B + E di;

i,j€B” (m,0) i=1 =1 i,je B (m,0)

:(—13m5z 7“Z

(m —1)gr(g — )[(3m —5)g — (3m 4)]

—

~.

= 5 ; (45)
where 3. JEBO (m,0) Fij = 2C2 _-r=(m—1)(m—2)r.
By replacing g — 1 with n9~2 in Eq. (45), we can obtain
— 19 2r(nd=24+1 — 9-2 _ 1
Z di; = (m—1nd2r(n*+1)[(3m — 5)n ] 46)

6
i,jGBéO)(m,n)
_ : : (0) (1) _ :
Let Ay = ZieBéo),jeBy) d;; denote the sum of all shortest paths with nodes in By~ and By ’. V, = ZieBél)JeBéZ) d;; is

expressed as the sum of all shortest paths with nodes in Bél) and B_,(JQ). Two intermediate quantities T, and L, are introduced to
calculate Ay and V4, where T, = Zz‘eBg‘” dig and L, = ZieBg dip.

To(m,0) = (m=2rlg+(g+1)++29-2)|+r[1+2+---+(9-2)]
_ T(g—l)[(3m—25)g—2(m—1)]' @7

By replacing g — 1 with n9~2 in Eq. (47), we have

Tg(m,n) = r-nd=2[(3m —5)nd % + (m — 3)],

The iteration formula of L is written as follows:

/ m’J_/g 1+ 5 +-n9! , n=m—1
Ly = / (m—n)(m—1) 9 m+n—1 o 4 9
(mr—r)Lgfl—l—(mr—r)[m(mn n)9- ~ m—n =T 9 —|—2n9 l, n#m-—1
Whenn =m — 1, J_;] is inductively to obtain as follows:
’ 1,0, T = N 2(g—1—4) i, 2n—1)r = 2(g—1—1) ;o = i
L, = (nr)? J_l—f—ﬁZ(g—l—z)n g (nr) +T2n g (nr)* + 5 Zr,
i=0 i=0 i=0
where J_ll =nr.
When n # m — 1, L is inductively to obtain as follows:
—n) © 3 rim—1)(m+n—1)
T -1, 2—i i - - 2(g—2—1
L, = (mr—nr)? J_1+ pe—] Z n? == (mr — 1) — S —n—1) Z (9=2-1)

(=)

1=

X

(mr —7r)" + 77’(7)12— 1 Z nI =2 (mr — 1),
=0

!
where 1| = mr —r.
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Thus,

2 g-3
— . g-1 _ 9 _ j\p2le—2-9) r*(2n—1) 2(g—2—1) i
r-(nr)d=" + - Z(g i)n (nr)t + o ;n (nr)

.n9 .
+ N i n=m- L 48)

_ g—1 Tz(m_”)g_?’ 1y9—1-ipg—3—i i rPm—=1)(m+n—1) 2(g—3—4)
= 7 (mr—r) +m§(m_) = 2<m—n—1 Z

Cr2m—1) &2 g .
X (mr—r)’—ﬁ—#z:ng ‘tmr—r)', if n#m-—1. (49)

After calculating T4 and L, we can obtain

A (g+n—2n9 2T, +n9 1L, n=m—1,
7 FT,+(m—1)n%21, n#m-—1.

v { 2g+n—2n9" 2Ly + (g+n—2)*n29"2 2972 n=m -1,
g =

2F L, + F*-2n92%r, n#m—1,
— (m=n)(m=1)9""—(m-1)n?7?
where F' = T
Using the initial conditions Z jen® d” =C2_,-2r=(m—1)(m—2)r, Zz‘,jeBQ d;; can be obtained as

Z dij = (m—1)r Z di; + Z dij—i—(m—l)AgJ,-Wvg'

i,jE€By 1,jEBy_1 ijeB®

Whenn =m—1,%, B, dij is inductively to obtain as follows:

nIr(n9=2 4+ 1)[(3n — 2)n9=2 — 1]
di' = 7
Z ’ ro> o di+ o
1,jEBy 4,jEBg_1
-1
+ (g+n—2n9 ' T, +n9L, + %[Q(g +n =292 1, + (g +n—2)2n297D 2972y
r(Bn—2) g1y, T(n—1) 5y T -1 r(3n —2) 3(g—1
= w3 dig gt S G SR (g — Dt
,j€EBg 1
+ r(3n —2)(n — 1)n3(971) + r(n —2) (g — 1)n2(g71) + r(n—2)(n— 1)n2(g71)
2n? 2n 2n
r(n—1) _ 2r(n —1)2 _ r(n—1)3 _
+ T(g — 1)2n3(9 D4 ——(g - 1)n3(g b4 72n3(g D4 [(n—1)(g —2) +n?]

n

293 2 g-3 2 ,g-2973
Cmye-ia T g p2a=2=0) (pyyi 4 T2 = D) S ag—2—iy i T NS
X [re(nr)d7 + - Z(g in (nr)* + Zn (nr)* 4+ r'].

‘ 2n ; 2 ,
=0 =0 =0
¢*n®9, 0 <r<n?
Z dij ~ g*-n39 r>n? (50)

HIEBs g (nr)?, r=n?,
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where >

i,jEB1 dij =nr.
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When n #m — 1, Zi, jeB, d;; is inductively to obtain as follows:

— Dr[(3m — 5)n?0=2) 4 (3m — 6)n2(9=2) — n9—2]

> dy (m—1)r > diy+ U

i,jEB, i,jEBg_1 6
+ (m—=1DFT,+[(m—-1)*9"2+(m—1)(m—-2)F]L,+ (m—1)(m —2)F* . n9%r
= -1 ¥ ¢f+“m_ig&”_@nﬂrm+f“”‘2“”—”n%rm_i@%:QMfa
i,jEBg_1
r(m—n)(m—1)3m —5) , 1 r(m—=n)(m—1)(m—23) 4
_1)19 1)
+ 2n%2(m —n—1) [n*(m = D7+ 2n(m —n —1) [n(m = 1)
_ rm = 1PBm=5) gy r(m—1)Am—3)
2(m—n—1) 2(m—n—1)
r(m —n)2(m —1)3(m — 2) 5 2r(m—mn)(m —1)3(m —2) _
+ (m—n—1)2 [n(m —1)%)972 — (m —n— 1)2 [n?(m —1)]972
r(m—1>*(m—2) 3, 9  (m—n)(m-—2) (n—1(m-1)*
e T DR T g
+ (m—n-—1)>2 " +1 m—n—1 (m —1) m-n—1 ]
2 g-3 2
) _yg-1, T(m—n) _ 1\g—l—i, _g—3—i i rm-=1)(m+n—1)
X [r-(mr—r) +m—n—1;(m 1) n (mr —r) m—n—1)
-3 -3
3 2(g—3—i) Ry 7’2(7” - 1) ] g—3—i RY;
X Zn (mr —r) —|—72 Zn (mr —r)"],
i=0 i=0
where Zi,jeBg d,’j = Zi,jeDf,l) d,‘j.
(m—1)%n9, 0<r<n,
3 dij=Q g [m—1)% -0}, r=n, s1)
I€B, ((m—1)2 117, v >,
where 3, i p dij = (m —1)r.
[6] Garza-Lopez, Roberto A; Kozak, John J. Invariance
relations for random walks on square-planar lattices [J].
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