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Abstract: This paper discuss two important results for a fractional hybrid boundary value problem of Riemann-Liouville
integro-differential systems, the researches and the advance in this field and also the importance of this subject in the modeling of
nonlinear real phenomena corresponding to a great variety of events gives the motivation to study this boundary value problem.
The results are as follow, the first result consider the existence and uniqueness results of solutions for a fractional hybrid boundary
value problem of Riemann-Liouville integro-differential system this result based on Krasnoslskii fixed point theorem for a sum of
two operators, the second result is the uniqueness of solution for fractional hybrid boundary value problem of Riemann-Liouville
integro-differential systems, the main result is based on Banach fixed point theorem, both results comes after transforming the
system into Volterra integral system then transform again into operator system, then using fixed point theory to prove the results,
this articule was ended buy an example to well illustrat the results and ideas of proof.

Keywords: Hybrid Fixed Point Theorem, Banach Algebra, Operators Equations

1. Introduction

Nonlinear differential equations are crucial tools in the
modeling of nonlinear real phenomena corresponding to a
great variety of events, in relation with several fields of
the physical sciences and technology. For instance, they
appear in the study of the air motion or the fluids dynamics,
electricity, electromagnetism, or the control of nonlinear
processes, among others [1-8]. There solution of nonlinear
differential equations requires, in general, the development
of different techniques in order to deduce the existence and
other essential properties of the solutions [9-15]. There are
still many open problems related the solvability of nonlinear

systems, apart form the fact that this is a field where advances
are continuously taking place.

Perturbation techniques are useful in the nonlinear analysis
for studying the dynamical systems represented by nonlinear
differential and integral equations. Evidently, some differential
equations representing a certain dynamical system have no
analytical solution, so the perturbation of such problems
can be helpful. The perturbed differential equations are
categorized into various types. An important type of these
such perturbations is called a hybrid differential equation (i.e.
quadratic perturbation of a nonlinear differential equation).
In [16] T. Bashiri et al. have considered the following non
cooperative system with the fractional order p € (0, 1).
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and investigated the existence of solutions. In [17] V.
Daftardar-Gejji proposed the following fractional differential
system given by

D%u; = fi (t,u1,..,un) , 0<aq;<1,1<i<n,
and analysed the existence of positive solutions of the system
in detail. In [18] S. Lui have considered the following

cooperative system with the fractional order v, 5 € (0, 1)

D [u(t) =@ (¢, u(t))] f(tu(t),v(t))
DP[v (t) = (t,0(t))] g(tu(t),v(t)
vu(0)=u(l)=0 , v(0)=v(1)=0

In [25] B. Ahmed and all, study existence and uniqueness
results for a nonlinear coupled system involving Caputo
fractional derivatives with a new kind of coupled boundary
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conditions

~+

Dou(t) = f
DPu(t) = ¢

(u+0)(0) = =(u+v)(T) ,

Where DX is the Caputo fractional derivative operator of
order x € a, 3, a, 8 € (0,1]. A is nonnegative constant, and
f,9:10,T] x R? — R are continuous functions.

Compared with the problem in [16], it is more partical to
study the coupled system with different perturbation terms
and nonlinearities. However, obviously, the mathematical
model this case is more complex and more difficult to deal
with in mathematics. Compared with the problem in [18] the
perturbation terms is not that much complecated.

In this paper, we study the existence of solutions for
a Dirichlet-type boundary value problem for the following
fractional hybrid integro-differential system given by

@ i = T a—1 T
D |:f1 (t,x(t))} = 0 (tv (t),y(t))—l—] hl (t7 (t),y(t)), (1)
D |:f2 (t, y (t)):| g2 (tv (t) Y (t)) + I h2 (t, (t) , Y (t)) s (2)
2(0) =2 (1) =0, y(0)=y(1)=0, .

where D denotes the Riemann-Liouville fractional derivative
of order «, (1 < aw < 2), D7 denotes the Riemann-Liouville
fractional derivative of order ~, (1 <y < 2), and I is the
Riemann-Liouville fractional integral with order « > 0, and
I7 is the Riemann-Liouville fractional integral with order
v >0, fi € C(JxR,R\{0}), i = 1,2, and g; €
C(JxRxR/R), i =1,2and h; € C(JxRxR,R),
1=1,2.

The rest of paper is organized as follows. In section 2,
we recall some useful preliminaries. Section 3 contains the
existence and uniqueness result which is obtained by means of
Banach fixed point theorem. Section 4 contains the existence
result which is obtained by means of Krasnoselskii fixed point
theorem. Section 5 contains two exemples to illestrait our main
results.

w1 d
b f(t)if(n—a) (dt
where n = [a] + 1.

Lemma 2.1. [19] Assume that u € C'(0,1) N L(0, 1) with a
fractional derivative of order o > 0 . Then

ID%u(t) = u(t) + c1t™ ' 4+ ot 2 4 et

)n / (-8 (s) s,

2. Preliminaries

For the convenience of the reader, we present here
some necessary definitions from fractional calculus theory.
These definitions and properties can be found in the recent
monograph [20-25].

Definition 2.1. The Riemann-Liouville fractional integral of
order o > 0 of a function f : (0,00) — R is given by

1 K a—1
i | =0T s
provided that the right-hand side is defined pointwise, where
I" (.) is the Gamma function.

Definition 2.2. Given a continuous function f : (0,00) —
R, its fractional derivative with order v > 0 in the sense of
Riemann-Liouville, is given

I°f (1) = @)

®)

for some ¢; € R, i =1,2...,n, where n = [a] + 1

Lemma 2.2 (Ascoli-Arzela theorem). A be a subset of
C (J,E), A is relatively compact in C (J, E) if and only if
the following conditions are checked:

(i) The unit A is limited.



96 Ala Eddine Taier et al.: The Existence and Uniqueness Results of Solutions for a Fractional Hybrid Integro-differential System

3k > Osuch that || f (z) ||g < kforz € Jand f € A.
(i1) Unit A is equicontinuous.
Ve > 0,30 > 0 and for evry t1,to € J we have
t1,ta] <6 =|If () = f(t2) le <&

(i) Forany x € Jtheunit{f (x), f € A} C Fisrelatively
compact.

Lemma 2.3 (Banach fixed point theorem). Let X be a non-
empty complete metric space, and 7" : X — X is a contraction
mapping. Then, there exists a unique point z € X such that
Tx =x.

Lemma 2.4 (Krasnoselskii fixed point theorem). Let £ be
a non-empty, bounded, closed and convex subset in Banach

space X: If A, B : E' — FEsatisfy the following assumptions:
1. Az + By € E, forevery xz,y € X,
2. A s a contraction,
3. B is compact and continuous.
Then, there exists z € X such that Az + Bz = 2.

3. Existence Result

Suppose that «, v, and functions f;, g;, h;, i = 1,2 satisfy
the problem (1) (2) (3). Then the unique solution of
(1) (2) (3) is given by

Lemma 3.1.
t(t— g1 t(p_ g)2a—2
o) = hita)| [ Tt ao s+ [ s pe)ds
- 1% S, TS S S 1% S, TS S S
|:/O F(a) gl(’ ()7y( ))d +/O F(2a—1) hl(’ ()7y( ))d:|t, (6)
W) = £) | [ (o) + [ s a9
- 1& s,x(s),y(s))ds 1% s,z(s),y(s))ds
[ oo+ [ G bt ateas] »

Proof. We apply the Riemann-Liouville fractional integral /* and I? on the both sides of (6) and (7) respectivelly, and using

Lemma 2.1, we have

x (t)
fi(t,z (1))

then

t _Safl
ww—ﬁwm@ﬂé(ﬂmg

t—s)71

v =) [ 5

m@dﬂmm@+/

= I%g1(t,x(t), y(1)) + I**"ha(t, (), y (1)) + cat + c2,

= Dgo(t,z(t),y(t)) + I Lho(t, 2(t), y(t)) + cst + c4,

t (t o 8)2a72

nia(epeNds + [ Lo e tatta] . ®

¢ (t —s)?1~2

) Wh2(57x(8),y(5))d5+03t+64:| 5 (9)

where ¢, cocs and ¢4 € R. Using the boundary value conditions, we fined that

c1T =
(@)
Cy = 0,
C =
’ I'(7)
Cq4 = 0.

Substituting the values of ¢; and ¢y in (8), c3 and ¢4 in
(9), we get solution (6) (7). The converse follows by direct
computation. This completes the proof.

Our first result concerns the study of existence of solution
for problem (1 — 3) by using the Krasnoselskii fixed-point
theorem. For this fact, we will need some assumptions about
the functions f;, g; and h;, i = 1, 2, previously defined.

Denote by X = (C([0,1] x R) x C([0,1] x R),R). The
Banach space endowed with the norm ||(z, y)|| = ||z||+ ||y| =

_/O U;“g)%gl(s,x(s),y(s))ds—/o ﬂhl(s,x(s),y(s))ds,

I'2a—1)

[ O s wons — [ U o), 5,
0 0

r2y-1)

supycpo 1] [£(t)] + supsejo, 1) [y(8)]. for (z,y) € X.

H, The functions f; : JxR — R\{0},and h; : JxR —
R, ¢ = 1,2 are continuous and there exist positives functions
@i, i, © = 1,2 with bounds ||¢;|| and ||1); || respectively, such
that

i (&, 2) = fi (8 9)] < 0i (1) |2 =yl

and
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19 (6, 21,91) — gi (8,22, 92)| < X6 (8) |21 — 22| + K4 () [y1 — y2],
|hi (t,x1,91) — hi (t, 22, 52)] < Ui (F) |21 — 22| + @i () [y1 — 2],

i=1,2forallt € Jand z;,y; € R.
H,, There exists positive constants C;, K;, i = 1, 2, such that

lg1(t,21,91) — 91(t, w2, y2)| < C1[|z1 — 22| + C2 [ly1 — w2l

Cs||lz1 — z2|| + Ca |ly1 — y2l|,

( ) —
lg2(t, x1,91) — 92(t, 22, 2)
|ha(t, z1,y1) —

) —

| <
hi(t,x2,y2)| < Ky ||z1 — 22| + K2 [[y1 — vl -
ha(t, w2, y2)| < Kz ||v1 — 22| + Ky llyr — y2l| -

H3 There exists two constants My, M7 > 0 such that

|h2(t,$1,y1

‘hl (t,fﬂ, y)

< My,
and
|he (¢, 2,y)| < M.
H, There exist two nonnegative functions p;,7; € L'(J), i = 1,2 such that for (z,y) € R x Rand ¢ € J.
|gi(t; (), y(O)] < pa(t), [hi(t, 2(t), y(£))] < mi(D)-

Hj There exists a constant M such that
|fi(t, u(t))] < M.

Theorem 3.1. Assume that the assumptions (H;)(Hy), and (Hs) hold. If

C(n;4n+ré®)<L

"k (F(vlJr D Fév)) <!

then the fractional integro-differential problem (1)(2)(3) has at least one solution in X = on J.
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Proof. First, we will transform problem (1)(2)(3) into a fixed point problem T'z = x, where T is the operator defined above.

So, before starting the proof, we decompose T; into a sum of two operators A; and B;, i = 1,2 where

(g gyl t(_ g)20-2
a0 = hitao) | [ I s anaenas + [ EEI s, v
Aale)(0) = ot | [ = asate s + [ G (s, u(s)s

and

1 — a—1 1 _ s 200—2
Bien® = - ([ S5+ [ Lo s et aas)

Observe that



98 Ala Eddine Taier et al.: The Existence and Uniqueness Results of Solutions for a Fractional Hybrid Integro-differential System

Now, we show that the operators Ay, As and By, Bs satisfy all the conditions of Lemma 2,4 in a series of steps.
Step 1. We define the set

Q = {({E,y) € X? H(xay)HX < p}

where p is a positive real constant chosen so that

(M +1) (F(t“jrl) + F”(n;O'J)) <p (10)

and we show that A; + B; € Q. So, for (z,y) € Qand ¢ € J, we have
|A1(z,y)(t) + Bi(x, y)(t)]

)
—g)e t — g)2a—2
) | [ S sahatnds + [ S w0060

- lw S, (S S S 1% S, (S S S
[A T(a) m<’<%M>M‘+A F@a_l)m<,<»m>m]ﬂ

At ([ i ool ds + [ Lo I ate) o)

N

N

1 17 S)a 1 1 (1 o 5)20472
- G (o2, y(s)) s+ [ G i) () ds

( /O t p (t)ds + /0 t (I{(;j)ial_; 771(t)d3>

1(1_8a1 1(1_8)2(1—2

||M1|| [l [ 2| llm1 |
M (r(a+ nt r(m)) + (I‘(a " I‘(Qa))

o] |72
(M +1) (F(oz+ 0t F(21a)>

< p

N
<

/A

N

Thus, ||A1(z,y) + Bi(z,y)||x < p which means that A (x,y) + Ba(z,y) € .
Analogously, we can obtain

[Az(2,y)(t) + Ba(z,)(t)]

[| 22| (72|
S MHD (F(vil) - F(;v))

< p

Thus, ||A2(x,y) + Ba2(z,y)|| x < p which means that As(x,y) + Ba(z,y) € Q.
Step 2. B; is a contraction on 2. From the definition of the operators B;, i = 1,2, we have for (z1,y1), (z2,y2) € Q, and
telJ

|B1(z1,91)(t) — Bi(22,y2)(?)]
)

1 _ o 1 1 2a 2
< I/ @) g1(s,1(s ds+/0 F(2a ) hi(s, 1(s), y1(s))ds
_ g 1 1 2o¢ 2
_Alr&)m@xz (s + [ %QQ_l (s, 72(5), 9(5))ds|
< /0 (11:(2); 91(s,21(8),y1(5)) — g1(s,22(8), y2(s))| ds

+/0 (;(_20[8)—0!1_) |h1(37$1(3)7yl(8)) - h1(8,$2(8)7y2(8))‘ ds

1 (1 _ 5)(171
< /0 ey C1((s) — 2(s) + Calua(5) = va(s))ds
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+/ MCI(%(S) —2(5)) + Ca(y1(s) — ya(s))ds
0

T(2a—1)
o Cy|lz1 — 22| + C2 |lyr — w2 Chllwr — x2|| + Co ||y1 — 2]
h MNa+1) I'(2)
1 1
< - —
s ¢ (r<a VI r<2a>> (ler = @2 + Iy = 22)

1
< C(r(a+1>+r<za>>”“1“”’“’2’“‘”)

Analogously, we can obtain

| Ba(w1,y1)(t) — B2(22,92)(t)|

1 1
< K (F(’y+ 0 + 1_\(27)> [[(x1 — 22,91 — o)l

Hence, from (4.1), it follows that B;, i = 1, 2 is a contraction on 2.

Step 3. A, is completely continuous on 2. Then we show that (A;) is uniformly bounded, (A4;) is equi-continuous, and
A; - Q — Qis continuous.

For (z,y) € and t € J, we have

O < |t | [ oo+ [ G0 et o)as]
< Intanl | [ CEi— ntsauelds+ [ T s e s
t (t _ S)a—l t (t _ 8)20‘_2 s
< M(/o 711(0[) Ml(s)d8+/0 711(20[71) 7 ( )d)
lll i
< M (r(alﬂ) + F(Qloz))

Analogously, we can obtain

lpall el
|Aa(z,y) ()| < M <r(7 +1) + F(Q’Y))

Then, (A4;9) is uniformly bounded. Now we show that (A4,2) is equicontinuous
Let t1,ty € J with ¢; < t5 we have for any (z,y) €

| A1 (2, y)(t2) — A1(z, y)(t1)]
_ s)(x—l

< | fi(te, 2(t2)) [/02 (tQF(

a)

to (tz _ S)2a—2

(oo ueds + [T o). (e

t1 _g)a—1 t1 1—s 200—2
et | [T s ateaonas + [ s, v |

< ] [T (- B It as
+/ot2 <(t13(2a5)_2°‘1)2 B (?(2;)_20;)2) lhi(s,2(s),y(s))| ds
A (’“‘2;(2;_1|gl<s,x<s>,y<s>>|ds+ [ S sttt
< H< e [ (i )

tl 2a 2
] / =) il / Dds].
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Analogously, we can obtain

[Ar()(t2) — A 9)(0)
(S
thad [ |

which is independent of (z,y) € Q. As t; —> to, the right-
hand side of the obove inequalities tend to zero. Therefore, it
follows that (A4;2) is equicontinuous.

lim A (zn, yn)(t)

nk—roo

— it 2(t) [/Ot (tr(so)é;élgl(s z(s), y(s ))d5+/0

= Au(z,y) ().

Same prove for the operator As.

Consequently, A; is continuous.
relatively compact on ).

Owing to the Arzela-Ascoli theorem, it follows that A; is
compact on 2. Then by Krasnoselskii’s fixed-point theorem,
the operator A; + B; has a fixed point in €. Finally, we deduce
that problem (1-3) has at least one solution in X on J.

Therefore, A; is also

B2 (ty — 5)22
>d8+||772||/ ( L

t2 (tl — 8)27 2
2y —

=t ) | [ i+ |
|

t (t o 5)20472
I'(2a—1)

The Existence and Uniqueness Results of Solutions for a Fractional Hybrid Integro-differential System

(tl — 8)27_2
M@y 1) )ds

|

Step 4. Finally we show that the operators A, A; are
continuous in X. Let {(zn,yn)} be a sequance in 2
converging to a point (z,y) € €. Then by Lebesgue
domination convergence theorem, for all ¢ € J we obtain

t(p_ g)2a—2
(Ii(zoz)—nhl(s’xn<8>7yn(s>)ds}

t— s)2a72

t (t — s)™ T t ( )
/0 F(a)nlggogl(S,mn(S),yn(S))dS*"/O mnlggo hl(svxn(s)vyn(s))ds}

h1<s,x<s>,y<s>>ds}

4. Existence and Uniqueness Result

This section is devoted to the study of existence and
uniqueness of solution of problem (1 — 3) using Banach fixed-
point theorem.

Theorem 4.1. Assume that the assumptions (H1), (H2), and
(H3) hold, then the fractional integro-differential system (1 —
3) has a unique solution in X on J.

Proof In view of Lemma 3.1 we introduce an operator T :
X — X associated with the problem (1 — 3) as follows

T, 1)) = (Ta (@, 9)(0), T, 1) 1), an

fia) = hiao) | [ oo+ [T a6
-1 T o) wlos [ ol S hutsato)utonas] (12)

ra) = fvo) | [ i+ [ S a0t
-1 I o) uonas + [ s ate)ats)as] (13)

Now, we show that the operator 7" has a fixed point in B,
which represents the unique solution of our problem (1 — 3).
So, the proof is down in two steps.

Step 1. We will show that T; B, C B,, 1 = 1,2. We get for
eacht € Jandx € B,
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< 1nte@) | [ e+ [ s, ue)as]
onGsats)uos + [ L ).t

0

N\
=
=
—~
\’H~
8
—
~
=

|
t (t _ s a—1 t (t _ 8)2a72
/0 Fi)gl(sw(s),y(s))ds +/0 T2a—1) hi(s, x(s),y(s))ds

1— 8)20472

(
L1 —s)ot L
( 0 ng(sax(s)vy(s))dS-F/O F(za_l)hl(s,x(s),y(g))ds) t‘

< (AL ®) = £ (0] + 1 (0)
| i st aelas+ [ G2 ()] ds
1 (1 _ s)a—l 1 (1 _ S)Qa—Q
([ R mapenias+ [ G st atelds) o
< (¢l + Fro)
| uoewas [ G 19,0050 — ha(5,0.0) 4 i (5,0.0)) s
1 (1 o S)afl 1 (1 o 5)21172
Jr/o Ta) u(s)gpl(x,y)der/O I‘(T_l)|(hl(5,:17(5),y(5))fhl(s,(),())|+|h1(5,0,0)|)ds
< (1ol + Fio+ 1)
| uoeais [ G 19,0060 — b (5,0.0) 4 i (5,0.0)) s
fullpa(e.y) ol ¥ (e.v) + 24
s (”|¢1+Fw+1)< Ta+1) T'(20) 0)'

which leads to

[ CNC g CIIKACY)) +Mo>

IT1(z, )l < (r1lloall + FA +1>( T(a+1) I'(2a)
<

r.

Therefore T3 (z,y) < r, which means that T B, C B,
In the same way, for (z,y) € B,., one can obtain

< T

Therefore, for any (z,y) € B, we have

1Tz, 9)l = [T,y + T2z, )]l

< (llél+Fit) <||11LJ|(21JEx£)ZJ) ||v|¢11£gi/3 +Mo)

+(r2 || ol + Fo + 1) (ull%(x,y) N PTG +Mo) .

Ly+1) ['(27)

which shows that 7" maps B, into itself.
Step 2. We will show that T' : B,. — B, is a contraction.
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In order to show that the operator T is a contraction, let (x1,y1), (z2,¥y2) € X and t € [0, 1]. Then, in view of (H2), we obtain

Ty (21, y1) — Th(22,y2)]
t (t _ 8)2@—2

nean®)| [ i —nean@meds [ ST s o.mns)

e N
- [/0 Wﬂl(s,m(S)ayl(S))dS-l-/o Whl(s,xl(s),yl(S))dS} t
t (t _ S)2a—2

~iltna) | [ s s+ [ o aa(o) (e

L1 —s)? P (1= )22
+ |:/0 WQI(S,:UQ(S)vyZ(S))dS +/0 Im_l)h1(8,l‘2(8),y2(s))d3:| t|
t—s) !

(r1 161 + Fio) / (F(a) 19105, 21(5), 11.(5)) — 91 (5, 22 (s), ya(s))] ds

N

N

b [ o (1,01 6) — a5, s

1 (1 _ S)afl
+/o Sy 9 m ) (9) = 915, 25), vl ds

+/o m |ha (s, z1(s), y1(s)) = ha(s, x2(s),y2(s))| ds

we conclude that 7" is a contraction. Thenby Lemma 2.1, a unique point X € X exists such that T'x = x. It is the unique solution
of our BVP (1 — 3).

5. Example

Consider the following BVP of fractional integro-differential system:

3 [ z(t) } _ 1+ 2 + sin (z(t)) + cos (y(t))
S(L+1)
1 ¢ 1 52 4+ s+ 1+ sin (z(s)) + cos (y(s))
r(;)/o (t=9) 81+ 5)(1+ 52) ds, (14)

+

i {y(t)] (T +8)(1+ %) + cos (2(t)) + sin (y(t))
- (1+3)(1 +¢2)

I N A ORI
! )/o(t ) 8(1 + 8)(1 + s2) ds, (15)

z(0)=z(1)=0 , y(0)=y(1)=0, (16)
The problem (14-16) is a particular case of (1-3) with o = % v = % and

filt,x(t) = cos (|2(t)]) , falt,y(t) = t*sin(jy(2)]),

(1 +1)(1 4 t2) + cos (z(t)) + sin (y(t))
(14 t3)(1+t2) ’

_ 1+ t2 + sin (z(t)) + cos (y(t))

8(1+1) , o g2(tx(t), y(t) =

g1 (t7 x(t)7 y(t))

and

2+t 4 1+4sin(x(t)) + cos (y(t))

ha(t,2(t), y(t)) = B0 7 _ b1 @)+ [y

hg(t,l‘(t),y(t)) - 8(1+t)(1+t2)
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Clearly f;, g; and h;, i = 1,2 are continuous functions and satisfy the condition (H;) with ¢; = 12, g = 12
and
91 (t.21,1) — g1 (6@2.92)| € 0y — o] + 2 — 1l
x - ?:'E b X 574 4\ 'T 71’ S5714 1 N - b)
91 (1, Z1,Y1 g9 2,Y2 S(L+1) 1 2 S(1+1) Y1 — Y2
92 (£, 1) = g2 (2, 92) | € i [y — o] + [y — o]
T — T <————|z1—2 _ — Yo,
92 (L, Z1,91) — 92 (L, T2, Y2 A+ )+ 2) 1 2 1+ )t +12) Y1 — Y2
then
1 1
t) = e ——
1 1
t) = )= ——
k1 (t) Sa+D K2 (t) (ESEIESE
and
[ (1. 30) — ha (8,22, )] € m—— g — ol + = [y — gl
T - T <————— o1 —7x ———— |t1 — y2!,
14, Z1, Y1 11, T2, Y2 S(L+1)(1+2) 1 2 S(L+)(1 +£2) Y1 — Y2
ha (b1, 3) — ha (22 90)] < o oy — o] + —
T — x <—|z1—7 —— |y — Yo/,
2\l T1, Y1 2\, X2, Y2 S(L+)(1 +£2) 1 2 S(L+)(1 + 2) Y1 — Y2
then
) pep— balt) =
TR+ 0 Y T 81+ 6)(1+12)
1 1
I =
O =sarnarm YT saoa e
Since the assumptions (H;) — (Hs) hold, according to Acknowledgments
Theorem 3.1 the BVP has at least one solution.
To see if the solution is unique, note that assumptions This work was supported by the National Science

(Hy1) — (Hs) are hold, from first part of existence results.
Also, the condition of Theorem 3.2 satisfied, therefore from
Theorem 3.2 the BVP has a unique solution.

6. Conclusions

In this work, we consider the existence results for a nonlocal
bounbary value problem of Caputo-type Hadamard hybrid
fractional integro-differential equations. The problem contain
two different types of perturbalion, this work based on fixed
point theorey and fractional calculus and the work was done
as follow, by transforming the problem into a Volttera integral
system and using the Krasnoselskii fixed point theorem, we
get the existence results of solutions for the boundary value
problem (1) under some conditions. Then, using the Banach
fixed point theorem, we get the existence and uniqueness of
solution for the boundary value problem, after transforming
the problem into a fixed point problem.
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